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ﬁ Discretization Methods in Numerical Simulation

Grid-Based Methods

Eulerian Grid Lagrangian Grid
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ﬁ Limitations of Grid Based Methods

» Eulerian grid methods:
- Constructing regular grids for irregular geometry

» Lagrangian method;
- Computing the mesh for the object
- Large deformation =2 rezoning techniques
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5 Limitations of Grid Based Methods
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@ Mesh Free methods

» Accurate and stable numerical solutions for integral
equations or PDEs with all kind of boundary conditions

» A set of arbitrary distributed particles without any
connectivity between them.
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% Mesh Free Particle Methods (MPM)

» Each particle:

- Directly associated with physical object

- Represents part of the continuum problem domain
» Particle size:

- From nano- to micro- to meso- to macro- to astronomical scales.
» The particles posses a set of field variables:

- Velocity, momentum, energy, position, etc.
» Evolution of the system depends on conservation of:

- Mass

- Momentum

- Energy
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@ Mesh Free Particle Methods (MPM)

» Inherently lagrangian methods

- The particles represent the physical system move in the
lagrangian framework according to internal interaction and
external forces
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% Mesh Free Particle Methods (MPM)

v' Advantages:
- Discretized with particles with no fixed connectivity
=>» Good for large deformations

- Simple discretization of complex geometry

- Tracing the motion of the particles

=» Easy to obtain large scale features

- Available time history of all particles
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ﬁ Smoothed Particle Hydrodynamics (SPH)

» One of the earliest developed mesh free particles methods
- A mesh free particle method
- Lagrangian

- Easily adjustable resolution of the method with respect
to variable such as density

» Developed by:

- Gingold and Monaghan (1977)
- Lucy (1977)

— 3D astrophysical problems modeled by classical Newtonian
hydrodynamics
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ﬁ Smoothed Particle Hydrodynamics (SPH)

» Extension:
Fluid B. Solenthaler, 2009 Incompressibility constraints
Mechanics , T
Kyle &Terrell, 2013 Full-Film Lubrication
Libersky & Petschek, 1990 Strength of Material problem
] Johnson & Beissel, 1996 Imoact ohenomena
Solid Randles & Libersky, 2000 pact p
Mechanics
Bonet & Kulasegaram, 2000 Metal forming simulations
Herreros & Mabssout, 2011 | Shock wave propagation in solids
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ﬁ Basic Idea of SPH

» Domain discretization
- Set of arbitrarily distributed particles
- No connectivity is needed

- Smoothing length: spatial distance over which the
properties are "smoothed" by a kernel function

» Numerical discretization (at each time step)

Approximation of functions, derivatives and integrals in the
governing equations

- Particles rather than over a mesh

- Using the information from neighboring particles in an area
of influence
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ﬁ Basic Idea of SPH

» Size of the smoothing length
- Fixed in space and time
- Each particle has its own smoothing length varying with time

=>» Automatically adapting the resolution of the solution
depending on local condition

3 UBRNASNSE (8 DATBHRP EFRFo.s: Glpse together
regRlativelnsbargtsmoothing length

v’ Low-density regions = individual particles are far apart
- longer smoothing length
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E Improvement and Modifications

> Issues and limitations associated to SPH:
- Tensile instability
- Zero-energy mode
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ﬁ Improvement and Modifications

» Tensile instability
Regions with tensile stress state:

a small perturbation on particle clumping and
the positions of particles oscillatory motion

* Morris (1996) = special smoothing functions
* Dyka(1997) = additional stress points
* Monaghan (2000) - artificial force

- Tensile instability remains one of the most critical problems
of the SPH method
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ﬁ Improvement and Modifications

» Zero Energy Mode

Calculating field variables Zero gradient of an
« and their derivativesat 3 alternating field variable
the same points at the particles

* Also appear in FDM and FEM

* Using 2 types of particles for discretization
- Velocity particles

- Stress particles e o o o
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General Principles
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@ Smoothed Particle Hydrodynamics (SPH)

» Interpolation method = Approximate values and
derivatives of continuous field quantities by using
discrete sample points.

» The sample points: Smoothed particles that carry:
1) Concrete entities, e.g. mass, position, velocity
2) Estimated physical field quantities dependent of

the problem, e.g. mass-density, temperature,
pressure, etc.
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@ Smoothed Particle Hydrodynamics (SPH)

**The basic step of the method
(domain discretization, field function approximation and
numerical solution):

» The continuum:
A set of arbitrarily distributed particles with no connectivity
(meshfree);

» Field function approximation:
The integral representation method

» Converting integral representation into finite summation:
Particle approximation

20
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@ SPH vs Finite Difference Method

» The SPH quantities: Macroscopic and obtained as
weighted averages from the adjacent particles.

» Finite difference method : Requires the particles to be

aliened on a regular grid
g g g ® 60 o

» SPH: Can approximate the derivatives of continuous
fields using analytical differentiation on particles

located completely arbitrary ® o
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& Integral representation of a function:

The continuum > A set of arbitrarily particles
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= Integral representation of a function:

» The interpolation is based on the theory of integral
interpolants using kernels that approximate a delta
function

» The integral interpolant of any quantity function, A(r)

» where: r is any point in domain (Q ), W is a smoothing
kernel with h as width.

» The width, or core radius, is a scaling factor that
controls the smoothness or roughness of the kernel.
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@ Integral representation into finite summation

» Numerical equivalent

» where | is iterated over all particles, V; is the volume
attributed implicitly to particle j, r; the position, and A, is
the Value Of any quantlty A at rJ Smoothing function in support domain

V= 772/,0 kernel Wn)

particle of
> The basis formulation of the SPH A
5 / —\' . ALS ()= TEALY mij /ply I/I/(r—rlj,/z). . (3 > -
s (e TR 3 b \ < 2
) .\%-._-//' nenghbobrr - .- - - T
particle
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& Smoothing Kernels

» Must be normalized to unity
» High order of interpolation

» Spherical symmetry (for angular momentum
conservation)

<[\ [amma SRR pe
- SPH kemel (B-spline)

W(q):8/7z- {.1_6q7‘2 +6qf3 ()ngl/z UZ(l_'?‘qj f@rmalized to 1

ZL'_'-

1/2 <g<ir

q=7r4/i /7 o

-1.0 0.5 0.0 05 10
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ﬁ Kernel Function

> Kernel function used in hand calculation and in the code

W(rh)=1/n+AT3 «{l1+3/4 xgT3 +3 /2 xgT2 i 0<¢g<1001/4 *
(2—g)T3 [f1<¢<2[0 otherwise
where:

q=7y/i /h
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&, Smoothing Kernels

» Properties of Kernel

lim—+/4—-0 OW (7,/21)=0(7)

where: S(7)= {Meo [[7][=0L0 oth

Must also be positive W(r,/)=0

Even function W(rnh)=w(—nrh)
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& Smoothing Kernels

» The first golden rule: If you want to find a physical
interpretation then it is always best to assume the

kernel is Gaussian
Wigaussian (r,7)=1/2rxh12 )13/2 el—(|lr|| T2 /2AT2 ), />0

-3 -2,4 -1.8 -1.2 -0,6 0 06 1,2 18 24 3

The 1sotropic Gaussian kernel in 1D, for h=1
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@ The Gradient and the Laplacian of a quantity field

» Using the product rule

d/0x (AL mij /pdj W(r—rlj,h) )=0/0x (AL mij /plj ) W(r—rlj,h)+Alf
mdj /pd) 3/0x W(r—rlj,h)

=0 W(r—nrd),)+ALfmis /pdj d/0x W(r—
iy, h)

=Aljml;j /plj d/0x W(r—rij,h)
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@ The Gradient and the Laplacian of a quantity field

» To obtain higher accuracy on the gradient of a quantity
field the interpolant can instead be obtained by using

VipA)=pVA+AlVp pVA=V(pA)—AVp (*)
VA=1/p (V(pA)=AVp)

» The second golden rule: Rewrite formulas with density
inside operators
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@ The Gradient and the Laplacian of a quantity field

VALS (r)=1/p [ TéEplj ALy ml) /ol VW (r—rl),h)—AY/TéEpd)ml) /pd) VIW(r

» A particular symmetrized form of can be obtained

be rewriting
V(d/p)=VA/p—A/pT2 Vp VA/p=V(A/p )+A/pT2 Vp

VA=p(V(A/p )+A/pT2 Vp)

What we have: VALS (r)=))TEAL mij /plf VW (#HZ4=1 00 (V(pA)—AVp )
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@ The Gradient and the Laplacian of a quantity field
» Which in SPH terms becomes

What we have: VALS (r)=))TEAL mij /pdj VW (A= p08(A/p )+A/pT2 Vp )
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& Solving Navier-Stokes by SPH

» Navier-Stokes equations for an incompressible,
isothermal fluid

padu/dt =—Vp+urli2 u+rf

o o o ¢ ¢ o o

o ) ° < 3 ¢ >
o > et et et o

o ] 0 ° 3 ¢ ¢
s e o et o o—

o ) ] ] ] ¢ o
2 26 2 o 2 o

o ) ] ° 3 ¢ o
o o o ° o o—

o [ T ] 3 ¢ o
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@ The Basis Formulations of SPH- Summary

(/1+/2)=(/1) +(72)

71/2)=(/1) (72)
(cf2)=c(/2)

» A symmetrized gradient of a higher accuracy can in
SPH be obtained by
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Governing Equations
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= Governing Equations

e Conservation of

Mass
--Diffusion Equation (Fick’s law)

Momentum (Newton second law)
--Navier-Stokes Equation

Energy ( first law of thermodynamics)
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@ Eulerian vs. Lagrangian representations

Control volume

In Out

T

« Space fixed * Fluid parcel in material

. volume
* Fluid inside control

volume changes * Carried along with flow
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& Lagrangian Form

Streamlines

— -

rv=1/8V d(8V) /dt
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& Continuity Eq.

T

Mass conserved in a Lagrangian
fluid cell

Conservation of mass

om=poV

d(6m) Jdt =d(pdV) /dt = SVdp/dt +p
d(6V) /dt =0

dp/dt =—p/ 8V d(SV)/dt =—pPv

Vv

dp/dt =—pl’'v
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@ Continuity Eq. in SPH

Continuity Eq. Gradient Approximation in SPH:
dp/dt =—plv VAILS (r)=1/p Y iT#E(AL) —A)mdj VW (r—rl/ i)
== p[V-(pv)—v-Vp/p]

ViiAdi=1/pli Jj=1TN#Emlj (Alj —Ali) Vii W

apli /dt ==} j=1TNEmd) (Vi —vdj ) -Vii Wilij
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@ Momentum equation in three dimensions

e Surface forces
--pressure
--viscous force

ot 1
(T +aT”‘1 oxoz " +82252)5y(52
* Body f@r'czg@ \
--gravity "
--electygpmiagheticsforce
i ax%%%ﬂ ce .
. ......
(. ——féx)éyéz .......................................................
dx
v\I_X. (.- a;zx .;52)5)@

ar

dv)éxéz
dy 2

~(p+ P ] a0
ox 2

(v +"Zx L a0oyez
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S Momentum equation

ot 1

(z, +——§z)éyéz o7, 1

7, 1 0z -(r,-—— *5y)5xc52
(T, + i .25y)(5x(52 \ a2
O le s : dp 1
(p P oy il I > _(p+a ~ ) oydz
a‘[ 1 T ..... —
-(z, ' v+ léx)éyéz
0x
z
N LA 152)5x(5y
X 0z
Pressure acting on the fluid cell Stress acting on the fluid cell

—[(p+0p/0x )—pldydz=—0p/ox dxdydz

(Otixx /Ox +Itlyx /0y +Irizx /¢

y )ax

(x direction)
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& Momentum equation

Newton’s second law

mdvix /dt =pdxdydzdvix /dt =—0dp/0x dxdydz+ (0tlxx /Ox +Orlyx /Oy +Orlzx /0

s

pdvix /dt =0p/ox +dvixx /Ox +dtlyx /Oy +dtrlzx /Oy

m————— ===

clif = :

u(vdj /oxli +ovii /d

pdV/d[‘ —_— Vp+ Vr ,= x—/’ - u—"lj ___2/_3_(_71’)_§£l,£)_ JI

\

I
\ Il
N o
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@ Momentum Eq. in SPH

Momentum Eq. Gradient Approximation in SPH:
pav/dt =—Vp+Vt VALS (r)=1/p ) /TE#E(AL) —A)md) VW (r—rl) /)
ViiAli=1/pli Jj=1TNEmlj (ALj —All) Vi Wl

ij 0
_h(vi—v)-(ri—7y)
M= T2 1 00182
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& Energy EqQ.

pressure Deformation in x direction:
Yy A (vix +dvix /Ox —vix )dt=0vix /Ox dxdt

Energy Work acting on the fluid cell:

aydzovix /ox dxdt+pdxdzovly /0y
adydt+pdxdydvlz /0z dzdt=pdtdxdydz(0
vix /Ox+dvly /oy +dviz /0z)

o :
W Internal energy change: pdedV

. <

pde/dt =—p(dvix /ox +Iviy /0y +viz /c
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= Energy Eq. in SPH

Energy EqQ. Gradient Approximation in SPH:

de/dt=—p/p ov/ox ViiAli=1/pli Y j=1TN#Emlj (Alj —Ali) Vii W

|
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@ Diffusion Eq.
Flux change(x direction)
Flux ulx dx=D[(C+IC/dx )—Cldydz=DIC/dx
Y A dxdydz

Fick’s law (x direction)
wlx =DAlx dC/0x

Conservation of mass
Vdc/dt =ulx dx+uly dy+ulz dz

. o

dC/dt=Dr12 C
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@ Diffusion Eq. in SPH

Diffusion Eq.

adc/det=DVT2 C=1/p V- (DplV()

Gradient Approximation in SPH:

|

acli /dt =) j=1TNéEmlj /pli plj (DIi+DIj)(pli+pd))riif-ViiWii /

T2 +pT2 (Cli—Cl))
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Hand-Calculation Example
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a Problem Description

Initial Status

N

N\
P N

/500303 ) N
[ %2 / \

J

.
=7 /' \
1
o |
o
o : i b ¢
an ] ol [V No (V] w (€] B

¢ Original
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ﬁ Initial Parameters

Mass | Density | Pressure | Velocity | Location At
Particlei |1 1 1 (0.2.0.1) [ (2,1) 1
Particlej |1 1 1 (0.3,0.3) | (1,2) 1
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@ OCoverning Equation

According to the momentum equation,

For Particle i

avli /dt =—mljx(Pli /pliT2 +PL; /pljT2 +
[14e))* Wi )+ g
No Gravity

avili /dt =—mljx(Pli /pliT2 + Pl /pljT2 +
[14))* Wi/
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@ Calculation of Viscosity Tensor

[14i,j = {l—aM x0.5%(Csi +Csj )xudij +3
*wdij T2 /0.5%(pdi +pJj ) if VIij-Xlij <0 LD
if VJij -XJij >0

In my case

Viig=Vii—Vi/=(—0.1,—-0.2)
Xij=Xli—-Xlj=(1,—-1)
Vlz’j-Xlz’j=—0.1+O.ZiO.1>0

[142/=0;
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N Calculation of V\N\[l',j

In my case,

W(rh)=1/n+h73 ={l1+3 /4 xq73 +3 /2 *qT2
if 0<q<1[71 /4 *(2—q)T3 if
1<q<2[D0

otherwise

q=74ij /A In this case, 742/ =[Xdi —X1] |
=[R2 o=V /2

so W=/ +3 2+ 2 +3 /A4 +g 3 )=

1 /o< AT L2410 /P17 -ATR L2+-T2 /A A TA
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ﬁ Calculation of VVV\[Z,/

Using the numerical method to solve .,

aWLif f8x =(1/nxhT3 +3%((1=0.001)72 +172 )/2mx /TS +3%((1=0.001)72 +172 )13/2 /Aixhl6 )—(1/mxhl3 +3+2/2mxhl5 +3%213/2 fAmxAT6 )/0.001 =—4.57%10~(—2)

owliy /Ay =1 /mxh13 +3%(112 +(1+0.001)72 )21xAT5 +3%(172 +(1+0.001)72 )73 /2 /Antx/2iT6 )—(1/nxhl3 4+3%2/21xhl5 +3+2713 /2 /Anx/16 )/0.001 =4.57%10"(—2)

PW Ji,j =dWJij /3% ,0Wij /3y =(—4.57%107—2 ,4.57%107—2 );
A _5 Particlej

I

74l

Particle i

>
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@Calculation of Acceleration, Velocity and Location

ali=dVili /dt =—mlj*(Pli /pliT2 +Pl]/
o2 +[1457)* VW i)

=—1*x1/172 +1/172 +0)*(—4.57x107-2,
4.57+x107-2 )
=(9.14%¥107—2,-9.14+x107-2 ),

Vi new =V/i +ali *At =(0.29,0.01);

X/ new =X!i +V/i new *At
=(2.29,1.01);
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@ Calculation of Viscosity tensor for Particle |

AV /dt =—mi +(PLj /o) 12 e ireh b
)1

[1Yj,i = {l—alM 0.5 (Cdsi +CJsj )xpdij +B*udij 712 /
0.5 (pdi +pJj ) if VJji -XJji <0 [0

ifVJji -XJji >0

Vii=Vii—Vi=(0.1,0.2)
Xi=Xi—-Xlj=(—11)
Viji-Xlji=—0.140.2=0.1>0
[14/,=0;
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& Calculation of VVV\é/, [ for Particle |

W(rh)=1/nx/13 *{l1+3 /4 xgT3 +3 /2 xgT2
1 0<¢g<1[N /4 x(2—qg)T3 lf
1<¢g<2[D0
otherwise

q=r4/,l /1 rji=|Xlj—Xii |[=vIR
o=V /2

Wiji=1,/nxAT3 x(1+3/2 xgT2 +3 /4 xgT13 )=1/

x/213 +37712 /2nxAT5 +3773 /AntxAT6
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ﬁ Calculation of VVV\[I/, [ for Particle |

owlsi /ox =(1/mxAT3 +3x(172 +
(14+0.001)72 )/2ntx/2T5 +3* (172
+(140.001)72 )73 /2 /AntxAT6 )—(1/mxAT3 +
3x2/2ntxAT5 +3%2713 /2 /Anx/4T6 )/0.001
=4.57+x10"(—2)

owdji /oy | =(A7MEhT3 +3%((1—0.001)72 +
172 )/2nxA[5 +3x((1—-0.001)72 +172 )7T3/2 /
At 116 ) — (1 /G AT 8342 21t 415 +3+27
3/2 /4nxAT6 )/0.001 =—4.57%10"(—2)
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@ Calculation of Acceleration, Velocity and Location

aJj =dVJj /dt =—mi *x(PJi /pliT2 +PJj /
pdj T2 +[]Jj,i)xPWj,i

=—1x(1/172 +1/172 +0)*(4.57x107-2,
—4.57+x107-2)

=(—9.14x107-2,9.14x107-2 ),

VJj new =V/Jj +a*xAt =(0.21,0.39);

X!Jj new =X/j +AVJj new *At
=(1.21,2.39);
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@The Change of Position and Velocity after At

Final Status

N

A\

/ Vf=(o.21,E)\ " position
. )(]:(121,239) M Current

position
V,-=(o.29§‘01)

[e5)

.
.-

Xi=(2.29,1.01%

T
1 2 3 4
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Comparing Hand Calculation with
Results Obtained by the
Developed Code:
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ﬁ Numerical Results

° t - ° t -

° 1 o 1

* velocity for partile: 1 * velocity for partile: 2
. 0.2914 0.0086 . 0.2086 0.3914

* new cordinates for partile: 1 ¢ new cordinates for partile: 2
* Xy-= * Xy-=

2.2914 1.0086 1.2086 2.3914
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Numerical Example and
Example Applications




PENNSTATE

@ 6. Numerical Example

* 6.1 Introduction to SPHysics
* 6.2 Prepare for SPHysics

* 6.3 Problem statement

* 6.4 Input data

* 6.5 Run model

* 6.6 Visualization of result
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ﬁ 6.1 Introduction to SPHysics

006
00006
[ 1l lae
”

00000000

SDI—Iys|cs

Code Features:

Open-source

2-D and 3-D versions

Variable timestep

Choices of input modes

Visualization routines using Matlab or ParaView
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v 6.2 Prepare for SPHysics

* Windows: Intel Visual Fortran
Silverfrost FTN95
GNU gfortran compiler on Cygwin

* Linux:  GNU gfortran compiler
Intel fortran compiler

*  Mac: GNU gfortran

67
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@ 5.3 Proble

m statement

Geometry

Water body collapse

Properties

density = 1000 m3/s
dx=dy=0.03m

dt =0.0001 s
tmax=3s

t=0
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ﬁ 6.4 Input data

6.4.1 Choose kernel function
A(F) = [ AW (F =7 h)dF

* Guassian

* Quadratic

* Cubic spline
* Quintic
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ﬁ 6.4 Input data

6.4.2 Choose time integration scheme

Predictor-Corrector scheme

Verlet scheme

Symplectic scheme

Beeman scheme

70
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ﬁ 6.4 Input data

6.4.2 Choose time integration schemes

Predictor-Corrector scheme ( Average Difference
operator): This scheme predicts the evolution in time as,

At . +1/2 At
=Vg+—F; . pg =P +—D;

/2
yn+1/2

Va

Ln+1/2 N At . » n+l/2 _ n At
Fa =Ta +TVa:ea =€, T )Ea

These values are then corrected using forces at the half

step,
M2 o At ~n+1/2 n+l/2 n, Al _ns1/2
Va _‘a+TFa - Pa =Pa +TDa
Jn+1/2 ] Af >n+1/2 n+l/2 n Af n+l/2
¥, =7, +TVG T e, =€, +TEG
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ﬁ 6.4 Input data

6.4.2 Choose time integration schemes

Finally, the values are calculated at the end of the time
step shown as following:
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ﬁ 6.4 Input data

6.4.3 Choose options for Momentum equation

* Artificial viscosity
* Laminar
* Laminar viscosity+ Sub-Particle Scale

The artificial viscosity proposed by Monaghan (1992)
has been used very often due to its simplicity.

dv (P P )
. :_Z’”b _b’+_aﬁ+nab varrab+§
dt 5 \Pp Pa ,
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ﬁ 6.4 Input data

6.4.4 Choose Density Filter:

e Zeroth Order — Shepard Filter

* First Order — Moving Least Squares (MLS)
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ﬁ 6.4 Input data

6.4.5 Other options

Kernel correction

Kernel gradient correction
Continuity equation
Equation of state
Particles moving equation
Thermal energy equation
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ﬁ 6.5 Run model

In Linux, two main steps to run our model:

* Compile and generate SPHysicsgen 2D using
SPHysicsgen.make

* Run SPHysicsgen_2D with Casel.txt as the input file

* Compile and generate SPHysics 2D using SPHysics.make

* Execute SPHysics 2D

End

time begin 6.9980002E-03 seconds

time end 382.1899 seconds

Time of operation was 382.1829 seconds
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ﬁ 6.4 Visualization of result

» Motion of particles
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ion of result
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ﬁ 6.4 Visualization of result

» Horizontal velocity u

Time step=10

Time step=0

u-Velocity

6.0569036

f5 m/s
2

-4.54553

Time step=20

-

Time step=30
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ﬁ 6.4 Visualization of result

» Horizontal velocity u
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PENNSTATE
ﬁ 6.4 Visualization of result

» Horizontal velocity u
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PENNSTATE

a 7. Numerical application

* Uses in astrophysics

* Uses in fluid simulation

* Uses in Solid mechanics
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PENNSTATE
ﬁ 7.1 Uses in fluid simulation

Simulation of dynamic ocean wave

GPUs: 64 x M2090 (BSC)
MPI: Dynamic balancing
Algorithm: Verlet & Wendland
Particles: 1,015 Millions

Physical time: 12 seconds

Time: 0.00 s

Barcelona
Supercomputing
Contor
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PENNSTATE
% 7.1 Uses in fluid simulation

Simulation for hydraulic facilities design (1)
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PENNSTATE
@ 7.1 Uses in fluid simulation

Simulation for hydraulic facilities design (2)

GPUs: 12 x M2050

MPI: Dynamic balancing
Particles: 100 Millions
Steps: 215,335

Runtime: 66.9 hours

Time: 0.0s
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PENNSTATE
ﬁ 7.2 Uses in Solid mechanics

Simulation of dam break
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Thank you very much!




