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Analytical Models for Flow Through Obstructed Domains
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The effects of low- or zero-conductivity inclusions on flow through two- and three-dimensional domains are
represented nsing an analogy to percolation theory. Here, the term flow refers to the analogous processes of
fluid, electrical current, and heat conduction. Mapping functions are derived from renormalization group models
as a solution o the percolation analogy. These functions relate the extent to which a domain is obstructed o
the probability that the domain is conductive and to the bulk conductivity of the domain. Stochastic methods
are used to define a refation between the proportion of a domain which is isolated from flow and the proportion
which is obstructed. A description of the influence of the scale of the obstructions, relative to that of the domain,
is inherent in the formulation. Data obtained from numerical and electrical analogues are used to verify the
mapping functions and assess the limitations of the representation.

INTRODUCTION

A useful descripdon of a geologic process relies upon ap
appropriate representation of the associated physical properties
including a description of the spatial variability of these properties.
However, it is often not feasible to expiicitly represent the
variability of properties at the scale of relevant processes. This is
particularly true 1o cases where the spatial distribution of
properties 15 known in insufficient detail to form a deterministic
description of the system. Under these conditions, the use of
equivalent properties which reflect the varizbility of the actual
properties may be an appropriate altergative. By way of
ilustration, the case of fluid flow through rough-walled rock
fractures is briefly considered in the following.

Experimental studies indicate that rough-walled fractures are
characterized by spatially variable apertare [Gentier and Billaux,
1989] and by ponconductive inclusions resulting from fracture
surface-to-surface contact [ Pyrak-Nolte et al., 1987}. In simulating
flow through a fracture, it 1s reasonable to assign a conductivity of
zero to the areas of surface-to-surface contact. This representation
requires the specification of no-flow boundary conditions to
describe the perimeter of the areas of contact and could lead to a
demanding discretization and numerical simulation exercise. Rather
than resorting to an analysis in which fracture aperture is
represented i a determdpistic sense, it is possible to base
predictions on the relative abundance of contact area and on the
characteristic aperture of the open portions of the fracture. It is
fortuitous that the behavior of such systems is often relatively
insensitive to the precise details of the distribution of properties
and that a statistical estimate of behavior will suffice.

This paper introduces a method of determining the conductive
properties of domains characterized by low- or zero-conductivity
flow obstructions. Aithough the previous example addressed the
specific case of fluid flow, the developments are equally applicable
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to the analogous processes of electrical current and heat
conduction. For clarity, a consistent terminology is adopted.
Formulations are presented for both two- and three-dimensional
flow, and therefore the term domain denotes a two- or three-
dimensionasl flow domain. The term conductivity refers to
hydraunlic, electrical, and thermal conductivity according to the
flow process under consideration. Hydraulic conductivity takes on
the specific definition of transmissivity for two-dimensional fiow,
Flow obstructions are idealized 4s nonconductive inclusions.

The conductivity distribution meode] adopted herein regards
domains as assemblies of discrete equidimensional microscale
elements of finite dimension and constant conductivity. Using the
terminology of geostatistics, these distributions are perfectly
correlated at scales up to that of the element dimension and are
uncorrefated at Jarger scales. A proportion of the elements,
distributed at rapdom, are assumed to be nonconductive, The
microscale distribution of obstructions and conductivity is assumed
to be isotropic and leads to isotropic macroscale behavior. These
assumptions are restrictive and applicable to only a subset of
geologic media. However, the ability to derive analytical models,
and the insight gained from the models, warrant acceptance of
these limitations.

This paper begins by offering percolation theory as an apalogue
to the process of flow through obstructed domains. Models derived
from renormalization group theory are then developed as a solution
to the percolation analogy. Finally, stochastic modelling exercises
are undertaken in order to venfy ibe results predicted by the
models and assess the limitations of the approach.

FLow THROUGH OBSTRUCTED DOMAINS

The influence of obstructions on flow may be represented
through an analogy to percolation theory, which describes the
conductive bebavior and properties of disordered systems of
conducting and nonconducting  elements. Introductions to
percolation theory are presented by Shante and Kirkpatrick [1971]
and Kirkpatrick [1973] to which the reader is referred for 2
comprehensive description of the approach. Central to percolation
theory is the definition of a critical or threshold density of
nonconductive  elements  that  separates conductive and
nonconductive arrangements of the elements, Subsequent to this is
3 relation between the density of nounconductive elements and the
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overall or bulk conductivity of the arrangements. Clearly, the
concepts of percolation theory are allied with the issues addressed
in this paper.

A number of applications of percolation theory in hydrogeotogy
and geomechanics have been reported. Mechanical and transport
aspects of fracture system connectivity have been investigated by
Madden [1976}, Chelidze [1982), Dienes [1982), Charlaix et al.
[1984], de Marsily [1985), Wilke et al. [1985], Robinsorn [1987],
Gueguen and Dienes [1989], and Hestir and Long {1990]. The
trapsport properties of porous media have been examined by
Shankland and Waff [1974) and Golden {1980]. These studies
demonsirate the utility of percolation theory as a means of
quantifying the behavior of randomly structured geologic media.

Analytical models based on renormalization group theory are
well suited to the description of critical processes such as
percolation, The fundamental operation involved in the application
of repormalization group theory is the derivation of mapping
functions which transiate characteristics or properties at one scale
to a second, physically larger, scale. The term mapping function
i5 used to denote the fact that discrete, rather than continuous,
changes in scale are represented. Mapping functions are derived by
grouping individual elements at the first scale into an assembled
model at the second and larger scale and by evaluating the
properties of the model based on the properties of the individual
elements. This scaling process is illustrated for two- and three-
dimensional systems in Figure 1. The behavior of a large-scale
system (e.g., i = 3} is described by the individually conductive or
nonconduclive behavior of the component cells {i=0).
Renormalization group theory is an atiractive approach because of
this explicit description of the scaling process.

A limited number of applications of renormalization group theory
in geormechanics bave been reported. Allégre er al. [1982] and
Turcotte [19861 used a repormalization group model to describe
the fracture and fragmentation of rock. Madden [1983] applied a
renormalization group approach to the analysis of the conductivity

Two-dimensional renormatization group modet
[2-D NG

Thres-dimensional renormatization group modsl
3.0 RNG)

fei

=2 =3
Fig. 1. IHustration of the renormalization group meodels.
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and mechanical integrity of fractured rock. A renormalization
group treatment of the stick-ship bebavior of fanlts is presented by
Smalley et al. [1985]. The approach presented in this paper follows
from that applied by Allegre ef al. {1982] and Turcotte {1986].

Figure 1 shows the renormalization group models adopted in this
study. The representation begins with rondivisible zero order cells
{i = 0). Pour and eight zero order cells are assembled into a first
order cell (i=1) in the two- and three-dimensiopal models,
respectively. First order cells are then assembled into second order
cells (i = 2) and second order cells into third order cells (i = 3).
The process is repeatedly applied, and ultimately the contribution
of a single zero order cell becomes negligible with respect to the
whole, The properties of the whole are, however, entirely a
function of those of the zero order cells. The models shown in
Figure 1 are pot unique and could have been based on, for
example, the assembly of nine and 27 { order cells into { + 1 order
cells. Preliminary studies indicate that the performance of the
models is rather insensitive to the form of the models; that is, the
behaviors predicted by the models shown in Figure 1 do not differ
significantly from those predicted by models assembled from nine
and 27 { order cells. This, and the substantial complications
associated with more detailed models, supports the use of the
models shown in Figure ]. Models based op different cell
geometries (e.g., triengular cells) may yield significantly different
resulis,

The formulation of the renormalization group models is based on
the assumption that eack i order cell is either conductive or
nonconductive and, if conductive, has a characteristic conductivity.
Operational definitions of the terms conductive, nonconductive,
and characteristic conductivity are deferred to a subsequent section
of this paper. The probability that an { order cell is nonconductive
is depoted as p;, and the characteristic conductivity of the cell is
K. When i order cells are assembled into an i + 1 order cell, the
probability that the resulting cell is nonconductive, p,,,, and the
conductivity of the cell, K,,,, are derived from the corresponding
values for { order cells.

Probability Mapping

Table I shows the number of arrangements of / order cells which
yield nonconductive i + 1 order cells, and the probability of each
of these wrangements, as a function of the number of
noncosductive { order cells. For example, for the two-dimensional
meodel there are four arrangements of two nonconductive and two
conductive i order cells which result in vonconductive § + 1 order
cells. The probability of each of these arrangements is p? (1 - p;)
The probability that an { + 1 order cell is noncounductive is the
sum of the prababilities of all noncorductive arrangements and, for
the two-dimensional model, is given by

Pra = 4pi(-p) + 4p[(1-p) + p| o

=pi - 4p) +4p! .
The three-dimensional equivalent of (1) is

16pi (1-p)' +32p](L-p ) + U4pi1-p)* (5
7 g
+ 8pi (I-p) + p;

piwl

pi - 8p] +24p] - 32p] + 16p;] .

The fixed points of (1) and (2) are defined as those values of p,
which satisfy the condition

Py = P; - &
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TABLE i. Number and Probability of Nonconduetive 7 + I Order
Arrangemenis of § Order Cells as a Fanclion of the
Number of Nonconductive i Order Cells

Number of Number of Probability of
Nonconductive ~ Nonconductive i + | Each Nonconductive
i Order Cells Order Amangements i+ 1 Order Arrangement
2-D 3-D 2-D 3-D
0 0 0 (1-p)* (L-p
1 0 0 2,(-p) p(1-py
2 4 0 pil-py  prap)
3 4 0 b (-p) P a-py
4 ; 16 i 7t -py
5 32 Pl (-py
6 24 pi(l-py
7 8 Bl (lp)
8 i e

Models are two-dimensional (2-1)) and thres-dimensional (3-D)

BEguation (1) has valid fixed points (i.e., in the range of zero to
unity) located at p; = O, 0.382, and 1, while (2) has fixed points
located at p; = G, 6.718, and 1 {(the values 0.382 and 0.718 are
approximations of the true irrational values). Fixed points are
classified as stable and unstable, where stable fixed points are
characterized by [Awkinson, 1978]

dp.
| pu] | < 1 R (4}
The derivative of (1) is
dp. .
Pt = ap} - 12p7 + 8p, (53
dp,

and has a magpitude of zero at the fixed point values of zero and
unity and a magnitude of 1.528 at the fixed point value of 0.382.
Similarly, the derivative of (2) is

dphi

= = 8p; - 56p; + 144p] — 160p} + 64p]  (6)
P

and has magnitude of zero at the fixed point values of zero and
unity and a magnitude of 1.759 at the fixed point value of 0,718.
Clearly, the fixed peints located at 0.382 and 0.718 are unstable.
The stability of a fixed point describes the tendency of an initial
estimate of the fixed point value to converge to the true value in
the case of stable fixed points and to diverge in the case of
unstable fixed points.

Equations (1) and (3) and (2) and (3) are shown in Figure 2,
where the fixed points are apparent as the intersection of the
respective equations. The stability of the fixed points is llustrated
by the trajectories which graphically demonstrate iterations of the
equations; that is, calculating p, from p,, p, from p,, elcetera. Any
trajectory which initiates at a probability less than that
comespording to the central uonstable fixed point is ultimately
attracted to the stable fixed point at zero. Trajectories initiating at
probabilities greater than that comesponding to the unstable fixed
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Fig. 2. Probability mapping functions relating the probabiiities that i and
i + 1 order cells are norconductive for two-dimensiopal (2-D) (upper) and
three-dimensional {3-D) (fower) domains. Trajectories illustrate Hterations
of the mapping functions,

point are altracted to the stable fixed point at uaity. Only if a
trajectory initiates at precisely the unstable fixed point value will
it fall to converge to one of the stable fixed points.

Figure 3 shows the results of repeated applications of the
probability mapping functions, (1) and {2). The relation between
p; and p, converges to a step function centered at the unstable
fixed point as the uumber of lterations approaches infinity. This
suggests that infinilely large two- and three-dimensional
arrangements of zero order cells will be conductive for zero order
probabilities less than 0.382 and 0,718, respectively. For zero order
probabilities greater than these values, the corresponding
arangements will be poncopductive. Returning to the percolation
analogy, the unstable fixed point values of 0.382 and 0.718 are
estimates of the critical probabilities, p,, for the two-dimensional
site  percoletion problem on a square Jattice and the
three-dimensional site percolation problem on a cubic lattice,

Also shown in Figure 3 are the results of stochastic experiments
performed using two- and three-dimensional finite difference based
numerical models. The modelling procedure begins by generating
a two- or three-dunensional array of sites with each site assigned
a conductivity of unity. Some of the sites are then selected at
random and assigned a conductivity of zero. The pumber of
nonconductive sites is calculated as the product of the totai number
of sites and the specified proportion of noncoonductive sites, p,.
The total flow through the system, if any, is then evaluated. The
geometry of a typical 16 x 16 two-dimensional array of sites with
P, = 0.2 is showr in Figure 4. A more detailed description of this
modeling procedure is presented by Piggotr [1990]. The
probability that an array is nonconductive is estimated as the ratio
of the number of nonconductive arrays encountered to the total
number of arrays generated. It is assumed in applying this
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Fig, 3. lterations of the probability mapping functions. The probability
mapping functions (RNG) are compared to data derived from the numerical
models (FDM}.

procedure that the results for 32 x 32 amrays of sites can be
compared to the two-dimensional probability mapping for i=3
(i.e., 2° =32) and that the results for 8 x 8 x 8 arrays can be
compared to the three-dimensional probability mapping for i =3
(i.e., 2> = 8). The points shown in Figure 3 correspond to a total
of 50 runs for each value of p,. The probability mapping functions
and numerical model results illustrate favorable agreement
although the numerical results may suggest a slightly larger critical
probability tham the two-dimensional mapping and a shightly
smaller critical probability than the three-dimensional mapping. In
a review of documented values, Sykes and Essam [1964)] reported
critical probabilities of the order of 0.41-0.42 and 0.68-0.69 for
two- and three-dimensional problems, respectively. These values
substantiate the observed discrepancy between the probability
mapping and experimental results. The accuracy of the probability

/ Cutlet boundary

mpermeable

Impermeable
boundary \ boundary

Cbstructed
sites _\

\ et boundary

Fig. 4. Illustration of a 16 x 16 array of sites with p, = 0.2. The direction
of flow is from bottom to {op, Obstructed sites are shaded.
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mapping s, however, adequate for the purpose of the
developments presented in this paper.

Isolation Mapping

The probability that a zere order cell is nonconductive is directly
analogous to the proportion of the domain which is obstructed. It
is conceivable that conductive portions of a domain may be
isolated from the active flow domain as the result of the
distribution of obstructions; that is, these regions may be entirely
surronnded by obstructions. An isolated zone neitber conducts
during steady state flow nor provides storage during transient flow,
No means of estimating the extent of isolation via the
renormalization group models were identified so, as an alternative,
stochastic studies were performed using the pumerical models. The
numertcal models regard sifes which are not connected to both the
inlet and outlet boundaries via conductive sites to be isolated, The
probability that a site is isolated, p’, corresponding to the
probability that a zero order site is nonconductive, p,, is obtained
by dividing the observed number of isolated sites by the total
number of sites. Figure 5 shows the results of applying this
approach to varous two- and three-dimensional arrays where the
points reflect the average value of p’; for 20 runs. The results
appear to converge with scale towards the function

lim p!=p,
i—yoe =1

for p < p, )
for p,>p,

which is also shown in Figure 5. This implies that the entire flow
domain remains connected until p, exceeds p_ at which point the
entire domain becomes isolated,

For the particular case of fluid flow, the extent to which a
domain retards solute transport by advection is, roughly speaking,
a function of the hydrauhcally connected volume of the domain.
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Fig. 5. Varintion of the probability that an i order cell is isolated with the
probabifity that a zero order cell is nonconductive.
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The fact that the entire unobstructed volume of a conductive
domain is connected implies that the total volume of the domain
is available to retard solute {ransport.

Conductivity Mapping

Equations (1) and (2} relate the probabilities that i and i + 1
order cells are nonconductive. Similar relations which map the
conductivity of an i order cell inte the conductivity of an i + 1
order cell are pow presented.

Figure 6 shows the various arrangements of conductive and
nonconductive { order cells which lead to conductive § + 1 order
cells. The values in parentheses are the normalized conductivity of
the arrapgements and the pumber of arrangements having an
identical normalized conductivity. The normalized conductivity of
an arapgement is deficed as the ratie of the flow through the
arrangement to that which would be observed without obstructions.
Heunce, normalized conductivity 1s only a measure of the tortuosity
imparted by flow obstructions. The normalized conductivity values
were derived by applying the numerical models to the geometry of
the arrangements using 30 x 30 and 20 x 20 x 20 arrays and by
nommalizing the resulting flow with respect to values computed for
the array geometry without obstructions.

It is necessary to adopt 2 set of boundary conditions to apply to
the arrengements in order to separate conductive and
nonconductive  arrangements and to define the normalized
conductivities of the arrangements. The results shown in Table 1
and Figure 6 are based on the application of Dirichlet or first-type
boundary conditions to the upper and lower surfaces of the
arrangements and von Neumann or second-type boundary
conditions {o the iateral surfaces. This boundary coundition
configuration was adopted based on the observation that it leads
o estimates of the critical probabilities which are consistent with
values stated in the Hterature. As a resuft of the boundary

condition configuration, there we topologically identical
arrangements which are assigned different nommalized
conductivities. While counterintuitive, this condition is

substantiated by verification studies presented herein.
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Each nomalized conductivity outcome, &, has a probability, P,

which is a fupction of p. For example, the probability that =

two-dimensional arrangement of cells has a nommalized
conductivity of 0.574 is
4p.(1-p)
p = EUP) ®)
b~ pi+l
These probabilities are defined such that
Spo=1 C

il

where n is the pumber of outcomes. From the definition of
normalized conductivity, the arithmetic mean conductivity of § + 1
order cells is given by

K, =K Eijj : (10)
=t
the geometric mean conductivity by
K. = K TT5". an
J=
and the harmonic mean conductivity by
Ki
iy T e 12
5 _}1 (12
Jal k.

!

Equations (10)-{12) are plotted as a function of p; in Figure 7.
The functions decrease from a value of unity for p; = 0, where
arrapgements with no nonconductive | order cells dominate, to 0.5
apd 0.25 for p, =1, where arrangements with two and six
noncoaductive { order cells dominate,
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Fig. 7. Conductivity mapping functions relating the conductivities of f and
{ + 1 order cells.
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Figure 8 shows the results of iterating the geomelric mean
conductivity mapping function, (11), that is, calculating p, and K,
from p, and K, p; and K, from p, and K, efcetera. The geometric
mean conductivity mapping is presented because, as will be
discussed in the following section, the geometric mean of a
conductivity distribution yields the best estimate of bulk
conductivity. The ratio of the conductivities of { order to zero
order cells, K;/K,, converges to a limit as the number of iterations
approaches infinity with the limiting value equal {o zero for
Po > p.- The ratio K, /K, may be interpreted as a tortuesity factor
reflecting the influence of obstructions on the bulk conductivity of
a domain.

Tweo series of experiments were performed in order to assess the
validity of the conductivity mapping functions, The first series of
experiments was performed using the numerical models and
involved computing the normalized conductivity of the generated
arrays as a function of zero order probability and scale. The
madelling procedure follows from that described previously for the
verification of the probability mapping function. The results of this
study are compared to the conductivity mapping functions in
Figure 8. Each point represents the average conductivity of the
conductive outcomes observed during 20 runs. As zero order
probability increases, the conductivities of the amays decrease to
approximaiely constant values which in tumn decrease with
increasing array size. This characteristic, which is also observed in
the mapping functions, may be interpreted as a scale effect. There
is pgeneral agreement between the numerical results and
conductivity mapping functions; however, the numerical results are
consistently less than the conductivity mapping fuactions, with the
magnitude of the discrepancy increasing with increasing zero order
probability. This tendency is largely the result of the excess
tortuosity imparted by the finite difference approximaticn, which
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Fig. B. lterations of the geometric mean conductivity mapping functions.
The conductivity mapping functions (RNG} are compared to data derjved
from the numerical models (FDM) and electrical apalogue models (EAM).
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provides a poor approximation of the high gradients encountered
in areas of flow copstriction between obstructions. Consequently,
the numerical results should not be expected to precisely mateh the
conductivity mapping functions. The results can, however, be
expected to support the trends predicted by the mapping functions.

The second series of experiments involved the use of electrical
analogue models to provide anp alternative comparison with the
two-dimensional conductivity mapping. Electrical analogue models
offer the advantage of being free from the excess tortuosity
exhibited by the numerical models. Similar applications of
electrical analogue models are reported by Last and Thouless
{1971), Shankland and Waff [1974], Sundaram and Frink [1983},
and Chen et al. [1989}, The experimental procedure followed is
similar to the algorithm incorporated in the numerical model with
the exception that nonconductive sites are represented by
sequentially exiracting siles from electrical analogue paper.
Normalized conductivities are computed from measured electrical
cugrents. Three 8 X 8 and three 16 x 16 arrays were studied. The
daia obtained from the experiments, averaged over the three
replications of each array geometry, are shown in Figure 8 and
compare very favorably with the mapping function. The scale
effects observed for the numerical models and predicted by the
mapping function are also apparent in the electrical analogue data.

EXTENSION TO FINITE CONDUCTIVITY DiSTRIBUTIONS

The derivation of the probability and conductivity mapping
functions is based on the assumption that zero order cells are
either conductive or nonconductive and, 1f conductive, bave a
characteristic conductivity. The central aspects of this assumption,
namely, the definitions of conductive, nonconductive, and
characteristic conductivity, warran! examination.

Bimodal Conductivity Distributions

An operational definition of the term nonconductive is sought by
examining the bulk conductivity of bimodal conductivity
distributions as the minhmum modal conductivity approaches zero
refative to the maximum modal conductivity, A bimodal
conductivily distribution is characterized by a minimum modal
conductivity of K, which occurs with probability p,.., aad by a
maximum medal conduetivity of K, which occurs with
probability po.. = 1 - pne

Bowwer [1969] used resistor network electrical analogue models
in an atiempt to demonstrate that the bulk conductivity of a
resistor network may be approximated by the geometric mean
conductance of the individual elements. In one of the reported
series of experiments, a bimodal distribution of resistors with
conductances of K, = 1 and K, = 10 were randomly distributed
on a 10 x 10 amay. The relative proportions of the different
resistors were varied, and the measured conductivity of the system
was shown to be satisfactorily deseribed by the geometric mean of
the individual conductance values which is given by

<K>&' = K'rninpm Km:xl—r’- . (13}

A modified version of this series of experiments was conducted
using the numerical models. Bimodally distributed conductivities
were assigned ot random to each site in two- and three-
dimensional 32 x 32 and 8 x 8 x 8 arrays, respectively. Four
different conductivity distributions were examined, namely,
K...=1with K_, = 107, 107 107, and 107, The resuits of this
study are shown in Figure 9, where each point represents the
average bulk conductivity, K, observed for 20 runs. The geometric
mean approximation to bulk conductivity, calculated using (13),
would plot as a straight line in the semilogarithmic format of
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Fig. 9. Data derived from the numerical models for bimodal conductivity
distributions with X, = 1 and K, = 107, 102,107, and 107

Figure 9 and therefore satisfactorily describes the data for
K., =107 This conductivity distribution displays the same
conductivity contrast (K, /K, = 10"") as that reported by Bouwer
[1969]. The fidelity of the pgeomeiric mean approximation
progressively degrades for X = 10% 107, and 107 The data
illustrate the onset of a percolation-like process as the value of
K... approaches zero; thatis, for p_,. < p,, K, becomes independent
of the value of K, as the value approaches zero. It may therefore
be concluded that the selection of modal conductivities of I and
10 by Bouwer [1969] was somewhat forfuitous relative to his
substantiation of the geometric mean approximation to bulk
conductivity. Clearly, the geometric mean approximation does not
apply to bimodal conductivity distnbutions exkibiting a significant
contrast in modal conductivity values.

The derivation of the conductivity mapping function 1s based on
the assumption that the obstructed porions of a domain have a
conductivity of zero. It is conceivable that the obstructions may
have a small yet nonzero conductivity and, if this is the case, may
be better characterized by K, << K, than K, = 0 where K,
and K. are representative of the conductivities of the obstructed
and unobstructed portions of the domain. As observed in Figure 9,
K, converges to a limiting value as K, /K, approaches zero for
Prin < P A limiting value is observed for K, /K. < 10% over a
large portion of the range p_, < p,. This implies that the condition
that a zero order cell is nonconductive may be interpreted as
K_./K_,, < 107" since continuing to decrease the value of K, does
not produce a significant further decrease in K, The conductivity
mapping function therefore remains valid provided that
K. /K . <I0%andp, <p.

Uniform Conductivity Distribwtions With Flow Obstructions

A definition of the characteristic conductivity of zero order cells
may be derived by the application of equivalent media theory
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which seeks to relate the bulk conductivity of a domain to a
description of the distribution of conductivity within the domain.
Numerous equivalept conductivity models have been introduced in
the literature [Warren and Price, 1961; Hashin and Shtrilman,
1962; Bowwer, 1969; Ambegackar et al., 1971, Madden, 1976,
Gutjahr e al., 1978; Berman et al., 1986). The most commonly
cited approximation relates bulk conductivity to the geometric
mean of the statistical distribution of conductivity. This
approximation has been repeatedly substantiated for spatially
uncorrelated conductivity distributions. Gutjahr et al. [1978}
demonstrated that the approximation also applies to spatially
correlated conductivity distributions.

An intuitive argumeant may also be used to support the geometric
mean approximation for bulk conductivity. A two- or three-
dimensional arangement of conductors is neither as sensitive to
the presence of low-conductivity elements as a series arrangement
of the conductors nor as sensitive to the presence of high-
conductivity elements as a paraile] arrangement. The conductivities
of series and parallel arrangements of conductors are equal to the
harmonic and arithmetic means of the individual conductivity
values, <K=, and <K>, respectively. Buolk conductivity is
therefere bounded by the barmonic and arithmetic means as
described by

<K>, £ K, S <K>, . (14)
The geometric mean, <K>, of a conductivity distribution is
similarly bounded by the harmonic and arithmetic means such that

<K>, < <K> < <K> . (15}

A comparison of (14) and (15) leads to the conclusion that the
geometric mean of a conductivity distribution may be used as a
first order approximation of bulk conductivity; that is,
K, = <K>, . (16)
On the basis of the previous arguments, it is reasonable to
assume that the characteristic conductivity of zero order cells may
be approximated as the geometric mean of the conductivity of the
cells. This notion is further examined by the recreation of the
second series of experiments reported by Bowwer [1969]. In this
series of experiments, resistors with conductances of 1-10 were
assembled at random into 10 X 10 arrays, and the measured
conductivities of the arangements were shown to be favorably
described by the geometric mean of the individual conductances.
To simulate this series of experiments using the numerical
models, conductivities uniformly distributed in the range of K, to
K., were assigned to each site in 32 x 32 and 8 % 8 x 8 arrays.
The geometric mean of a uniform conductivity distribution is

Ko &
<K> =gV K Aettm g Fehe an
g max min "

Four different conductivity distributions were examined, namely,
K= 1with K, = 10, 10° 10°, and 10°. Of particular interest is
a means of treating systems which contain both conductive and
nenconductive elements where the conductive elements display
variable conductivity. Therefore, for each combination of K;, and
K, the proportion of nonconductive sites was varied between
zero and 0.3 and zero and 0.7 for two- and three-dimensional
systems, respectively. It should be noted that the presence of
nonconductive sites is oot factored into (17). The results of this
study are shown in Figure 10, where each point represents the
average bulk conductivity observed for 20 runs. It is suggested that
the results may be approximated by the equivalent conductivity
model



10° &
E 2-D
£ 100 =
= F
Z 10t E
i+
=
: E
c 10 = ssans FOM po=0
(3] enman FOM poe=Q.t
™ «anan FOM Pa=0-2
g ’ voaces FOM pp=0.3
[63] Ky=relly
10~ [ W SuTl S bbbt Lo et IoF o1 syl
15
3-D

sesse FDM py=0
canen FOM pp=0.1
assan FOM po=0.2
20000 FOM p=0.3
soans FDM ppw0.4
Kh:-rcK%

Bulk conductivily, K,
P S
Ty T FIT HE

L teppl i
10t

M EAATH bl ;
1 10 107
Maan conductivity, <K»

P o1 taryt

10!

Fig. 10. Data derived from the numerical models for uniform conductivity
distributions with K, = | and K, = 10, 10%, I0°, and 10% The dam
(FDM} are compared to the equivalent conductivity model K, = T<&>,.

K, =1 <k>, (18)
where T is a tortuosity factor related to the proportion of
ponconductive sites. The solid lines shown in Figure 10 are the
results of fitting (18} to the data vsing a least squares regression
approach. Equation (18) appears to accurately describe the data,
and therefore bulk conductivity may be estimated as the product
of a tortuosity factor and geometric mean conductivity. A
decoupling of the influences of flow obstructions and distributed
conductivities is implied in this approximation. It is therefore
assumed that the tortuesity imparted by flow obstructions is a
function of the extent to which 2 domain is obstructed and is
independent of the distribution of nonzero conductivities.

By definition, the tortuosity factor derived from the conductivity
mapping function velates zero and { order characteristic
conductivities via

K =1K_ . (1%
Bulk conductivity is analogous to { order characteristic
conductivity, Additionally, the tortuosity factors appearing in (18)
and (19} are both solely functions of the proportion of zero order
cells which are obstructed and therefore are eguivalent. Ogp the
basis of these observations, it is concluded that the geometric
mean conductivity of zero order cells may be used to represent the
characteristic conductivity of zero order celis.

DiSCUSSION AND CONCLUSIONS
The probability and conductivity mapping functions, together
with the experimentally defined relation for the proportion of a
domain which 1s isolated from flow, are important resuits.
Combined, these relations provide a basis for the description of
flow through domains characterized by nonconductive inclusions
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where the term nonconductive implies a conductivity at least two
orders of magnitude less than that of the unobstructed portion of
the domain. The critical or percolation threshold obstruction
densities derived from the probability mapping functions, defined
as the maximum obstruction densities which will permit a
continuous conduit to exist within a domaein, are 0.382 and 0.718
for two- and three-dimensional flow, respectively. The influence
of the obstructions on conductivity is derived from the
conductivity mapping functions and expressed quantitatively as a
tortuosity factor which varies from unity to zero as the density of
obstructions varies from zero to the percolation threshold values.
Bulk conductivity is then estimated as the product of the tortuosity
factor and the geometric mean conductivity of the unobstructed
portion of the domain. Flow is accomumodated within the entire
unobstructed portion of the demain for obstruction densities less
than the percolation threshold values.

An important aspect of the mapping functions is the appearance
of scale effects which are substantiated by the numerical and
electrical analogue modelling results. The scale effects apparent in
the probability mapping suggest that conductive domains may be
encountered at obstruction densities greater than that corresponding
to the percolation threshold value. The likelihood of such ag
occurrence decreases as the scale of the domain, relative to that of
the obstructions, increases. Similarly, nonconductive domains may
be encountered at obstruction densities less than the percolation
threshold value, The scale effects apparent in the conductivity
mapping function indicate that conductivity decreases with
increasing domain scale and assumes a nonzero limiting value at
obstruction densities less than the percolation threshold value and
a value of zero at densities greater than the percolation threshold
value. These scale effects have implications in the extrapolation of
physical properties measured at conventional laboratery and in situ
scales to the scale of relevant geologic processes.

The simplicity of the models introduced in this paper is achieved
at the cost of adopting highly idealized representations of the
spatial distribution of obstructions and coaductivity and of
accepting statistical, rather than deterministic, estimates of
bebavior. The assumption of isotropic behavior is also an
acknowledged limitation, A compromise between the simaplicity of
these and other apalytical models and the need to accurately
represent the structure of geologic features must be established.
While the models introduced in this paper are simple in form, it
is suggested that simple models which capture the essential physics
of geologic processes will freguently prove to be adequate,
particularly in light of the limitations of subsurface reconnaissance
techniques.
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