DisLocation ANALYSIS OF PENETRATION
IN SATURATED PORrRoOUS MEpi1a

By Derek Elsworth,' Associate Member, ASCE

ABSTRACT: Solution is presented for the fluid-pressure response surrounding in-
sertion of a continuous, moving poiat disiocation within an initially satusated po-
rous-elastic medivm. Included in the presentation is a unified framework for the
analysis of penetration-generated pore pressures in soils for partially drained states
and an exposition of the overt penetration rate dependence of pore-pressure gen-
eration and dissipation, Scaling paramelers for data reduction are returned as g
natural consequence, The analysis afiows rations! determination of permeability
and consolidation coefficients in situ. Postarrest pore-pressure dissipation at the tip
enables Ci 1o be determined independently. Nenuniqueness in pore-pressure dis-
sipation along the shaft precludes independent determination of consolidation be-
havior.

INTRODUCTION

The potential application of field penetrometer testing in the determination
of in-situ consolidation behavior of soils has been previously recognized (Janbu
and Senneset 1974; Wissa et al, 1975; Torstensson 1975: Jones and Van Zyl
1981; Batwaglio 1981). OFf critical interest in the rational interpretation of
data are the mechanisms by which pore pressures are generated around the

inflated spherical cavities in an elastic, perfectly plastic soil. To prevent
violation of the superposition principle, the analysis was undrained unt] pen-
etration arrest. In soils exhibiting moderate permeability, however, and for
reduced penetration rates, the potential for concurrent dissipation behind the
process zone of the tip must be accommodated.

Complete comprehension of the major factors influencing pore-pressure
generation and dissipation around A progressing penetrometer tip is a nee-
gssary prerequisite to aid rational imerpretation of piezocone data. Of direct
interest are the dynamic factors controlling the time required to reach a steady
pore-pressure field and the resulting magnitude of generated pore pressures;
the interdependence of both penetration rate and the time to cone aTest in
influencing the morphology of the surrounding fluid-pressure bulb, dissi-
pation processes, and rates: methods by which acquired pressure records may
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be best used to independently determine in-situ permeabilities and compress-
ibilities, as opposed to consolidation parameters alone; and the identification
of appropriate parametric groupings governing the concurrent processes of
pore-pressure generation and dissipation that maximize the utility of the ac-
quired data. Motivated by these factors, a solution is developed in the fol-
lowing for a point dislocation of constant strength moving within an isotro-
pic, saturated, porous-elastic medium. The analogy with cone penetration is
direct.

Mowving PoinT DISLOCATION

A direct analogy exists between penetration by an amorphously tipped rod
and the bebavior of a normal dislocation that moves in space and leaves 2
remmant linear void along the traveled pathway. Conceptually, it is most
convenient o choose a fixed-coordinate system Jocated at the head of a pene-
trometer, past which the elastic medium moves at uniform rate U/ (in the
positive x-direction), as illustrated in Fig. 1. Consider a dislocation at the
origin of this coordinate system of volumetric magnitude V. Dislocation rate
v may be defined as V = wvdr, in which dr is a differentially small time
increment, For all times 1 = 0", a point dislocation is introduced at the origin
at the rate v per unit time and the surrounding medium moves parallel to
the x-direction at velocity U. The position of a point located at coordinates
x, v, and z at current time ¢ would have been {x — U(r 7), ¥, Z] at time
7. Under these conditions, solution for a point-normal dislocation {Cleary
1977) may be described
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FIG. 1. Analogous Coordinate Systems: {a) Static Coordinate System within
Traversing Medium; (b) Moving Coordinate System within Statlc Medium; Pene-
trometer
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where C, = consolidation coefficient; & = permeability; and ¢ = dynamic
viscosity to give the pore-water-pressure change above ambient (p — p') at
time r and location x, v, x due to the point dislocation vdt introduced at
time 7.

In the preceding analysis the origin of the coordinate system remains coin-
cident with the dilation introduced at current time level 7. The correspon-
dence between a fixed-coordinate system past which the medium moves at
constant velocity U/ and a coordinate system moving at velocity —U in a
static medium is direct. For penetration of a rod of cross-sectional area a
initiated at time r = O and progressing at rate U, the dilation rate is given
as v = [Jag. Substituting directly into Eq. ! and integrating in time yields

' Ct’Ua | ( §_3 “EI-‘)
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which on substitution of m = R/2[Cy{t — 1'% @ = wr" for a rod of radius
r; and with some rearrangement yields
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where R* = x* + y* + 2%, The integral must be evaluated numerically except
for the steady conditions as t+ — o when the pressure distribution reduces to
_pur
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5
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Dimensionless Parameters

In considering induced pore pressures along the shaft only (ie., x = 0; ¥
=7:;= 0}, then R = x; 0 < x < =; and Eq. 5 conveniently yields a dimen-
sionless pressure magnitude that asymptotes to unity as pore pressures reach
a steady state in the vicinity of the penetrometer tip. Dimensionless pore
pressure is recorded as

Hp —prk
Pp = W&:‘W ; ................................................ (6)
with
0.0 = PoRp = L0 . o e e N
and
1
{Xp,¥p,zp) = *; - T (8

and the product P,x, may be considered equivalent to a normalized pore

pressure used routinely in the analysis of piezocone data. To facilitate com-

parison with later results, the other dimensioniess parameters of time f,
ACwt R}

g B e e ¢

g.



16
0.5
08
¢ | e
- 10° 10° ho®
.
0.4
0.2+
oo J ")
10° 10" 10° 1’ 10 10’
el
'\/tt' x
FIG. 2. Shaft Pore Pressures (v = 0; vy = z = 0} Following Penetration Beginning
atr, = 0

with B, = R/r; and penetration rate U,

are deflined and standardized for the analysis.
From these definitions, the transient pore-pressure field identified in Eq.
4 may be recorded as

=

2 R i
PpRp = ~— e e (1n
V' Irgi?
and the steady pore-pressure distribution of Eq. 3 may be defined as
PRy = ¢ U e 2

using the simplified dimensionless terms.

Pore-Pressure Generation

The pore pressures along the shaft developed with penetration are illus-
trated in Fig. 2 for the only remaining dependent variables of Eq. 11. These
are Upxp and \/E/x,;. important points evident within the results are the
following.

First, smaller dimensioniess penetration rates U/, require a large dimen-
sionless time to reach the steady condition at any designated location x,
along the shaft. This behavior is the essence of partialiy drained penetration,
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Second, a threshold behavior is evident for dimensionless penetration rates
Upxp < 1077, in which a single type curve represents the progress of pore-
pressure generation. For penetration within a medium in which Uy, is orig-
inaily less than 107, further decrease of the real penetration rate I/ does not
affect the progress of pore-pressure generation in actual time. In this situ-
ation, only the absolute magnitude of the generated pore pressure p — p’ is
affected. Reducing the penetration rate by an order of magnitude identically
reduces the generated pore pressures. For a full range of dimensionless pen-
etration rates, a steady condition, with the establishment of peak pore-pres-
sure magnitudes, is reached for Vi,/x, > 1077, For fine-grained soils sub-
jected to slow penetration, therefore, the time required to reach steady
conditions may be excessive.

Third, large dimensionless penetration rates Uy give a rapid, sharp pres-
sure response in dimensionless time. Phenomenologically, this response cor-
responds to the rapid movement of the pressure surrounding the dislocation
tip. The exponential terms retained on the right-hand side of Eq. 4 replicate
the characteristic form of the Heaviside function with a maximum value of
unity at I, = 2 x,/U,. This location in dimensionless time represents the
inflexion point of the pressure-time relationship that, for Upxp &= 107, is
ostensibly coincident with the near-vertical graph. Time to steady penetration
may readily be evaluated from this parameter for large U,

Spatial Pressure Distribution

Although the time taken to reach the steady pore-pressure condition at any
location along the shaft is dependent on the dimensionless penetration rate
Uy, the resulting dimensionless shaft pore-pressure Py is independent of Up,.
This is evident from Egs. 5 and 12, which reduce to Ppxp = 1.Ofor R =
xand x = 0. However, the spatial distribution of pore pressures surrounding
the tip is strongly conditioned by penetration rate. This is most conventently
illustrated by the contoured distribution of pore pressures shown in Figs. 3
and 4,

Pore-pressure generation results are illustrated to an external radius of 0.10r
in Fig. 3 and 10r in Fig. 4, for a range of dimensionless penetration rates
spanning 10° to 107", Results are reported for 7, = 10° The largest coor-
dinate magnitude used in Fig. 4 is x; = 10, resuiting in a mintmum mag-
nitude Vip/xp = 107, effectively corresponding to the steady state for the
included range of coordinate values. This detail may be readily confirmed
from Fig. 2. Dimensionless axisymmetric coordinates are denoted x, = x/
rand yp = ¥/rin Figs. 3 and 4.

Apparent at low penetration rates in the local geometric framework of Fig.
3 is the near-spherical distribution of the induced {and concurrently dissi-
pating) pore-pressure field. The distribution is readily approximated by P, Ky
= 1.0 and remains virtually indistinguishable from this distribution for U,
< 107% With increased penetration rate the distribution becomes succes-
sively more oblate, especially in the region ahead of the tip. This is first
apparent for U, = 10", and becomes more pronounced at higher penetration
rates in which the lateral extent of the pressure distributions are uniquely
described by dimensionless penetration rates when confined within the di-
mensionless coordinate system (xp,yp) illustrated in Fig. 3. The rate-depen-
dent distribution of induced pressures further regulates the observed dissi-
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FiG. 3. Steady Pressure Distributions Proximal to Advancing Dislocation for
Penetration Rates 107 =< U, = 10°

pation mechanisms and rates that proceed immediately following penetration
arrest.

Contoured pressure distributions in the region enveloping the domain of
Fig. 3 are illustrated in Fig. 4. The maximum lateral extent reaches y, =
10. The change in morphology of the induced pore-pressure distribution from
a spherical to an eiongate form is apparent with increased penetration rate.
The transition, however, occurs at lower penetration rates in the larger geo-
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FIG. 4. Steady Pressure Distributions Distal from Advancing Dislocation for
Penetration Rates 107* = U, = 10°

metric seiting. It may be corroborated from Fig. 2 that the entire extended
domain has practically reached the steady condition at fp = 10°. There exists,
therefore, a direct similitude between the steady-pressure conditions in the
small and extended domains of Figs. 3 and 4, respectively. Increasing the
spatial dimension by two orders of magnitude gives a two-orders-of-mag-
nitude shift in the penetration rate required to return a specific pressure dis-
tribution. Pressure magnitudes are similarly reduced by a factor of 100. This
behavior is confirmed through Eq. 12 by noting the functional dependence
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of Py and {J, upon the geometric parameters Rp and x,. Thus, pressure
distributions at any domain magnitude and corresponding penetration rate
may be determined directly from Fig. 3 alone.

INTERRUPTED POmNT DISLOCATION

The dissipation of pore pressures following arrest of a penetrometer may
be evaluated by superposition. For penetration originating at time zero and
arresting at time ¢, the pore-pressure dissipation at any subsequent time ¢ (¢
> 1"} is given by superposition of two concurrent and coincident moving-
dislocation systems. The first system corresponds to a positive dislocation
spanning the time interval 0 —» 1, and the second corresponds to a dislocation
of equal strength and opposite sense spanning ' — ¢, For this dual config-
uration of concurrently moving dislocations, the systems equation follows
directly from Eq. 4 as

a Rpfip—ept/?

- . Ay

PoRy = —= "o f gmmtR IS (13
ko "\’n."lf,"‘

where pressures are referenced relative to the continuously migrating coor-
dinate system with r, = 4C.¢'/r’. To obtain pressure distributions relative
1o the arrested penetration geometry, the coordinate system must be trans-
lated in the x-coordinate by substituting
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with the bar denoting coordinates relative to the arrested geometry. In di-
mensionless form, the x-coordinate is defined

UD(!D e [I'J) ......................................... (15)

Xp =X +

b [

and retaining
R = X+ ¥ F 2 v (16)

enables Eq. 13 to be rewritien

R 9 Rt —1pi' 2
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where B, = R, at time 1, = #, representing the desired location relative to
the penetrometer at the time of arrest. Eq. 17 is entirely general and allows
the pressure distribution to be determined in dimensionless coordinates
{fp,¥p.Zp). Setting #, = 1, further allows pre-arrest pressure distributions to
be evaluated and, in this instance, Egs. 17 and 4 are clearly equivalent.

Pressure Dissipation Response
The dissipation of pore pressures measured along the shaft of the instru-
ment (¥, > ) is controlled by the dimensionless groupings

o tp— It
Poiy =f(~_’§-; A UD.fD) ..................................... (18)
i  dip

Thus, in presenting the results for measured pore-pressure dissipation of
the dimensionless shaft pressure magnitedes, Ppi,, may be plotted against
dimensionless time following penetrometer arrest, {tp — 1) /%p, for a variety
of dimensionless penetration rates, Upxp. These groupings neglect the in-
fluence of the time prior to penetration arrest (f5,/%5) and require that a sep-
arate plot be presented for increasing magnitudes of #5,/%5, as illustrated in
the sequence of Figs, S5(a—g) for 107" = ¢,/%, = 10". These figures record
dimensionless pore pressures PpXp at 2 shaft location %, = 1.0, and therefore
Upip = Up and (t, ~ 15)/% = (tp = t5). Individual figures represent a
range of penetration-arrest times spanning 107 = 1, = 10°. The following
important observations may be made from these data.

Dissipation records obtained from the dislocation anailysis are not inde-
pendent of the penetration rate that generated the primary pore-pressure field.
This corollary may be surmised from the contour results of Fig. 3 and is the
essence of partially drained penetration behavior. Importantly, this contra-
dicts the contention that a single {(unique) response curve, fixed in dimen-
sionless time, may adequately represent dissipation of pore pressures on the
shaft,

Premature arrest (at very low t),/4, values) may result in the absence of
some dissipation records. This is evident in Fig. 3(a), in which records rep-
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resenting Up%p = 10° are absent as a result of insufficient time having elapsed
0 generate significant pore pressures at the jocation of interest. This be-
havior may be corroborated from the pressure-generation records illustrated
in Fig. 2. Increasing the time to penetrometer arrest by two orders of mag-
nitude, to #5/% = 1077 as illustrated in Fig. 5(b), adds a further two dis-
sipation records, spanning two orders of magnitude in the dimensionless pen-
ctration rate Up,5.

With a further increase in the duration of steady penetration, records that
are partway between the null pressure and the steady conditions are apparent,
as illustrated for Upip = 10° in Fig. 5(c).

Similar to the generation of pore pressures, a threshold dissipation be-
havior is apparent for Upfp = 1077 as a result of identicail initial pressure
distributions preceding the dissipation process. This behavior is apparent in
Figs. 3{(c-g).

Swelling behavior is observed in limited circumstances for Upip = 107,
in which penetration is arrested at f,/%, = 10°, prior to the attainment of
the steady state, as evident in Fig. 5(c). This effect disappears as penetration
arrest is further delayed, and is not apparent in the record for arrest at
th/ %5 = 10"

With increased penetration duration, the steady-state pressure distribution
is more readily attained. The pressure transient records of Figs. 5(f and g).
corresponding to the arrest times rp /% = 10° and 10", respectively, are vir-
tually indistinguishable. These pressure records represent a unique set for
arrest times greater than #5,/& = 10°. It is confirmed that pressure-dissipation
records remain sensitive to penetration rates irrespective of whether a steady
pressure distribution is attained prior to arrest.

For dimensionless penetration rates UJp.f, smaller than 1077, a single pres-
sure-dissipation response is evident in Fig. 5(g). This response is unique for
all smaller penetration rates and is fixed within dimensionless time. For rapid
penetration rates, the pressure transient responses are similar and offset in
time by constant magnitude. The temporal shift corresponds to a single-or-
der-of-magnitude acceleration in response to an order-of-magnitude increase
in penetration rate.

Spatial Pressure Dissipation
Functional dependence of the spatial distribution of pore-pressure dissi-
pation is uniquely controlied by the groupings

I th — th 7

- 2 . Yo

P[_]R!) «'_wf(“—:’ = B Un_\';}; '“:’“’") .................................. (19
i I ip

Thus the distribution of P, may be recorded with location for a variety of
penetration rates {/p. The dissipation response is controlied by the dimen-
sionless time parameter (f, — #5)/%5. with the responses for identical pen-
etration rate magnitudes U, being equivalent, provided 1;,/%; is lurge enough
to ensure the establishment of an initial steady pore-pressure distribution.
Records of spatial pressure distributions following penetration arrest are
illustrated in Figs. 6 and 7. The contoured results are illustrated for the dis-
sipation response following penetration at dimensionless rates U, = 1077,
10%, 10°, and 10°, ostensibly at steady state at the instant of penetration arrest
15, = 10°. Prearrest penetration rates of 107 = Up = 10" span the full spec-
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FiGi. 6. Spatial Pressure-Dissipation Records Proximal to Arrested Dislocation
for Penetration Rates 107 = U, = 10° Arrested at r, = 16°

trum of pressure generation and the subsequent dissipation mechanism en-
compassing the transition from spherical to radial morphologies with in-
creased penetration rate. The dissipation processes are viewed at small (Fig.
6} and large (Fig. 7} scale relative to the dimensionless spatial coordinate
system (¥p, ¥p).

Considering first the reduced domain, Fig. 6 illustrates the manner in which
dissipation morphology is affected by the preamest penetration rate U, The
pressure distributions generated at low penetration rates of U, = 1077 and
Uy, = 10" retain their spherical form throughout the dissipation process. The
cusp feature exhibited in the dissipation form for I/, = 10° at large elapsed
time marks the transition from spherical symmetry at I/, < 10° to the “ham-
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merhead” geometry for U, = 10°. As penetration rate is further increased
the dissipation geometry becomes radial for U, = 10°. As predicted by the
pressure response curves of Fig, 5, the rate of dissipation is accelerated as
the prearrest penetration rate increases.

The larger contoured geometry, illustrated in Fig. 7, marks the same tran-
sition in dissipation processes from spherical to purely radial form, as ex-
hibited in the reduced domain of Fig. 6. The full geometric extent of the
contoured domain in Fig. 6 represents a small area surrounding the origin;
and it is fully contained within Fig. 7. As a direct consequence, the con-
toured pressure magnitudes cover a significantly reduced range in the more
extensive geometry, although the singular behavior at the origin, prearrest,
remains apparent. indeed, changing the scale of observation in the area sur-
rounding the arrested tip indicates that both spherical and radial pressure-
dissipation mechanisms may progress simultaneously. This is apparent on
comparing Figs. 6 and 7 for the single penetration rate of U, = 10°. Clearly,
when viewed at large scale, the dissipation process is radial whereas local
to the tip, the dissipation process retains a spherical form.

CONCLUSIONS

Solution is presented to the problem of a point-normai dislocation moving
within a saturated, porous-elastic medium. The analogy with cone penetra-
tion is clear; however, departure from the true physical system is apparent
in that the dislocation is reduced to a point, of infinitesimal dimension, and
that linear elastic behavior is assumed in the surrounding medium.

The important points to be distilled from the preceding are the following:

The dislocation method allows prediction of the elapsed time required to
reach a steady pressure response at any shaft-monitoring location. For Upx,
= 10" the time to reach 50% of the steady pressure {0.5Pp,xp) is given by
Ip = xp{2/Up). For Upxp = 10° the pressure response is so rapid that for
all practical purposes the 50% response time also represents the time to reach
the steady pressure. For small penetration rates with Upxp, = 1072, the time
to reach 30% of the steady pressure is given by \/@[xb = 2.065, and to
reach 95% of steady pressure the time is given by Vi, /x, = 25.586.

Under steady conditions, the shaft pressure distribution is given by Ppiy
= 1.0. Since ali the parameters comprising Ppf, ate known or may be readily
evaiuated excepting the magnitude &/, it is feasible that permeability mag-
nitudes may be recovered directly from the measured pressure response. This
is only applicable if steady conditions have been reached.

Penetration-generated pore-pressure distributions are strongiy influenced
by penetration rate {/p. The generated pressure bulb is of spherical form for
low penetration rates and develops an elongate distribution as penetration
rate increases.

For dissipation analysis the functional relationship

Iy Ip = ip ¥
P(;yfb =f _—2, _‘2““”"""", UD"?D; -__) ................................. 20}
Xry X Xp

uniquely controls the process. For shaft pressures, ¥,/%, = 0 and an indi-
vidual set of type curves must, in theory, be provided for all required values
of arrest time 1;,/%5. At large magnitudes of arrest time, however, the steady
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condition is reached prior to arrest and a single set of curves will suffice.

Particular caution should be taken in the use of pressure buildup and dis-
sipation responses recorded along the penetrometer shaft. The probiems of
nonunigueness engendered in the analysis are especiaily disturbing and wor-
thy of further field documentation. Recognition of the behavioral limitations
of the dislocation theory is crucial to successful application of the theory in
the reduction of penctrometer data,

The preceding observations promote a fundamental understanding of the
processes operating during piezocone penetration and arrest. Together they
provide the potential for obtaining maximum information from piezocone
pressure records, including direct determination of fluid permeability and
compressibility coefficients.
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Appenpix Il NoOTATION

The following symbols are used in this paper:
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penetrometer shaft cross-sectional area a = wr';
consolidation coefficient;

intrinsic permeability;

dimensionless pressure;

total fluid pressure;

initial static fluid pressure;

radius of interest R* = x* + y* + 2%
penetrometer shaft radius;

time (current);

dimensionless time {current);

time of penetration arrest;

dimensionless time of penetration arrest;
penetration rate;

dimensionless penctration rate;

volume change due to dislocation;

dislocation magnitude introduced in time dr;
global Cartesian coordinates;

Cartesian coordinates relative to arrested geometry;
dimensionless Cartesian coordinates (x/r; v/r; z/r);
integration coefficient;

fluid dynamic viscosity;

dimensionless inverse root time £ = R/VCy1; and
time iategrating parameter.
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