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Physical and Numerical Studies of a Fracture System Model

ANDREW R. PIGGOTT AND DEREK FLSWORTH!

Department of Mineral Engineering, The Pennsylvania State University, University Park

Physical and numerical studies of transient flow in a model of discretely fractured rock are presented.
The physical mode! is a thermal analogue 10 fractured media flow consisting of idealized disc-shaped
fractures. The numerical model is used to predict the behavior of the physical model, The use of different
insulating materials to encase the physical medel allows the efects of differing leakage magnitudes to be
examined. A procedure for determining appropriate leakage parameters is documented. These parame-
ters are used in forward analysis to predict the thermal response of the physical model. Knowledge of the
feakage parameters and of the temporal variation of boundary conditions are shown to be essential to an
accurate prediction. Favorable agreement is illustrated between numerical and physical results. The
physical model provides a data source for the benchmarking of aliernative numerical algorithms.

INTRODUCTION

The recent accelerated development of codes describing
flow in three-dimensional discretely {ractured media {see, for
example, Huang and Evans (19857, Long et al. [1985], Piggort
[1986], and Andersson and Dverstorp [19877) has occurred
with only a Hmited opportunity for evaluating the per-
formance of the algorithms. The codes are, by their nature,
developed to describe extremely heterogeneous conditions.
These conditions preclude the derivation of analytical results.
Although the individual components of a discrete {racture
model may be rigorously validated against alternative numeri-
cal schemes [Elsworth, 1986a, b], questions remain as to the
performance of the assembled systermn.

A numerical approach to diserete fracture hydraulics is jus-
tifiable only when it can be demonstrated that the inherent
idealization is geologically plausible and that the algorithm
accurately simulates the behavior of the idealized system. The
first issue is currently open to debate; the second issue forms
the basis of this paper.

Probiems entrained in the hydraulic analysis of intersecting
disc systems relate both to the ability of a numerical formu-
lation to accommeoedate the governing equations and to the
adequacy of the spatial and temporal discretization of the
system. The degree of approximation that results is inversely
proportional to the density of nodal coverage. Computational
economy demands that the degree of discretization be mini-
mized if populus fracture systems are to be investigated. Clear-
ly, an accurate yet economical numerical algorithm is neces-
sary.

In the absence of clesed-form solutions for flow in nontri-
vial fracture systems, it is necessary to identify alternate means
of validation. One approach which could be adopted involves
the comparisor: of numerically predicted responses with those
coliected {from field tests conducted in a fracture dominated
aguifer. This approach is desirable, since it directly addresses
the physical problem considered by fracture hydraulics re-
search. Such a study, while ultimately necessary, complicates
validation by superimposing the uncertainty of the geological
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environment on the physics of the problem. An alternate ap-
proach is based on the use of a physical model to generate
responses which may then be compared to those predicted by
the numerical formulation. Models used to study groundwater
hydraulics are based on the similarity of the governing equa-
tions for hydraualic, electrical, and thermal flow. The use of
physical models in both the validation of analytical solutions
and the investigation of physical phenomena is not without
precedent. Previous researchers have documented the use of
electrical [Sharp, 1970; Hudson and LaPointe, 1980; Tsang,
19847, thermal [Javandel and Witherspoon, 1967], and hy-
draulic models [Wilson, [970; Hull et al, 1987]. The difficul-
ties associated with the fabrication and operation of hydraulic
and clectrical models render thermal modeling the most suit-
able alternative for simulating transient fluid flow in discrete
rock fractures. Table 1 summarizes the analogies existing be-
tween hydraulic and thermal flow. The following describes an
altempt to predict the transient response ol a thermal ana-
logue fracture system model using a documented numerical
procedure.

PavysicarL MODEL

The physical model consists of 12 planar discs which corre-
spond to the discrete members of an orthogonal fracture
system with each of the three mutually orthogonal orienta-
tions represented by four discs. The disc system is, by defini-
tion, truncated by the boundaries of a cubic volume. The discs
are circular in shape but are frequently truncated as required
by the boundaries of the eube. The system was automatically
generated, geometrically analyzed, and reduced to a form suit-
able for fabrication and numerical analysis according to the
procedure described by Piggert [1986]. The discs are 2 mm
thick 70-30 brass and have a diameter of 0.3 m. The cube aiso
has a dimension of 0.3 m. Soldered connections join the discs
along their intersection segments. The high thermal conduc-
tivity and low thermal mass of the soldered connections repre-
sent a near-perfect thermal connection between joined discs, A
brass baseplate was added in order to improve the structural
integrity of the model. The completed model is illustrated
schematically in Figure [. Insulation is located between the
discs and surrounding the model. The thermal properties of
the model are summarized in Table 2. A thermal disturbance
is appiied to the model by contacting the baseplate with an ice
bath. All other cube surfaces act as impermeable boundaries.

The temperature monitoring system used in conjunction
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TABLE 1. Hydraulic and Thermal Analogies

Hydraulic Analogy Thermal Analogy

Hydraulic head
Darcy's law

Hydraulic conductivity
Specific storage
Hydraulic diffusivity
Leakage coefficient

temperature

Fourier's law

thermal conductivity

specific heat times mass density
thermal diffusivity

heat transfer coefficient

with the model consists of an Omega model 2166A-J multi-
point digital thermometer and Omega style 111, type I iron-
constantan thermocouples. The monitoring system has an ac-
curacy of 1°C in the range of temperatures considered and
responds sufficiently rapidly to capture the transient response
of the model. The thermocouples are located along disc inter-
sections at positions coincident with those of identifiable
nodes in the numerical model The locations of thermocouples
relative to the baseplate are given in Table 3. Thermal paths
joining the baseplate and two peints at the same distance from
the baseplate are unigue, and therefore thermocouple posi-
tioning is of littie significance in the absence of detailed model
geometry. Data concerning the exact positioning and inter-
connection of discs together with absolute locations of ther-
mocouples are recorded in the work by Piggott and Elsworth
{1987]. Figure 2 shows details of the positioning of the ther-
mocouples which are assumed to measure boundary condition
temperatures, that is, the temperature applied to the disc
system by the baseplate, The boundary condition thermo-
couples are separated from the constant temperature of the ice
bath by the wall of the ice bath, the baseplate, and most likely
an air gap. The temperatures measured by these thermo-
couples are transient and are related to the temperature of the
ice bath by the thermal properties of the disc model and of the
materials separating them from the ice bath, Three tests have
been conducted on the model to date. During test 1, the model
was instrumented with thermocouples designated A-1 through
A-8 and insulated with styrofoam packing material. The
model was then reinstrumented for tests 2 and 3 with thermo-
couples designated B-1 through B-9 and insulated with
foamed-in-place potyurethane further surrounded by fiberglass
insulation. The positions of A and B series thermocouples are
not related. Test 3 corresponds to the recovery phase of test 2
wherein the ice bath was removed and the model allowed to
recover {o room temperature.

The data obtained during the tests was transformed into
reduced quantities. Temperature is expressed in normalized
form using

L =AT — T(T,. — T} 0

where T, is the normalized temperature corresponding to tem-
perature T', initial temperature Tg, and steady state boundary
condition temperature T,.. Normalized temperatures of zero
and unity correspond to initial and steady state boundary
condition temperatures, respectively. Time is expressed in di-
mensionless form using

t, = bi/d? 2

where 1, is the dimensionless time corresponding to thermal
diffusivity D, time ¢, and disc diameter d. The potential for
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heat transfer from the insulation to the discs is expressed in
dimensionless form using

dy = d{k’/ Kby (3)

where d, is the dimensionless disc diameter corresponding to a
disc diameter of d, heat transfer coefficient &', thermal conduc-
tivity K, and disc thickness b. A dimensionless diameter of
zero signifies perfectly insulated (confined) behavior. Dimen-
sionless diameter is analogous to dimensionless radius as de-
fined in semiconfined aquifer theory (see, for example, Kruse-
man and DeRidder [1983]) where the hydraulic counterpart of
the heat transfer coeflicient is the leakage coefficient of Han-
tush and Jacob [1955]. Moench [1984] suggests that semi-
confined behavior is applicable to the description of dual-
porosity flow where the head contrast between {racture and
matrix is restricted to the vicinity of the fracture matrix con-
tact and that such conditions are characteristic of low conduc-
tivily contacts.

NUMERICAL MODEL

The numerical model of the [racture system is based upon
the application of the hybrid boundary element—finite element
approach described by Elsworth [1986a] and automated by
Piggort [1986]. The baseplate of the physical model has no
counterpart in the numerical model. Figure 3 shows the dis-
cretized representation of a typical fracture disc. The bound-
ary element formulation requires only that the disc perimeter
and intersection siits be represented. Those nodes defining the
impermeabile portion of the disc perimeter (local nodes) have
degrees of [reedom which are condensed out of the conduc-
tance matrix at the level of a single disc. Nodes defining inter-
section slits and permeable portions of the disc perimeter
{global nodes) are retained for the assembiy of the conduc-
tance matrix governing the fracture system. The geometry of
the disc system is described by a total of 242 nodes of which
61 are global nodes. Among the global nodes, 45 possess
active degrees of freedom and 16 are located along the speci-
fied head boundary condition surface represented by the base-
piate in the physical model. The boundary element formu-
lation applied to the model is especially suitable {or linear fow
within fractures of high area to perimeter ratios and pos-
sessing homogeneous and isotropic properties. Further details
of the formulation are given by Elsworth [19864a] to which the
interested reader is referred.

The boundary element [ormulation ultimately yields a
system of equations of the form

q, = Kh (@)

/— Model! discs

/ Baseplate

Fig. i. Schematic illustration of the [racture system model,
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TABLE 2. Thermal Diffusivities of Model Materials
Thermal
Material Diffusivity, m*/s Reference
70-30 brass 375 x 1070 American Soclety of Metals {1979]
Polyurethane foam 1.8 x 10~ Turner and Malloy [1981]
Fiberglass 7.2 x 107 Turner and Malloy [1981]
Air (20°C) 2.1 x 073 Eckert and Drake [1959]

for each fracture where q_ is a vector of nodal discharges due
to conduction in the fracture, K is the conductance matrix
defined by the geometry and transmissivity of the fracture, and
h is a vector of nodal heads.

The rate at which fluid enters a [racture from the matrix due
to leakage is given by

pp= —k'{h—h) (5

where v, is the leakage velocity, &' is the leakage coefficient, &
is the head in the fracture, and h,_is the reference head in the
matrix. The total volume of Auid entering a fracture per unit
time due to leakage is given by

g, = —k J (h—h)dA (6)

A

where A is the plan area of the fracture. Equation (6) may be
restated in finite element form as

q = —k'4AWh - h) N

which reduces to

g, = Lh—h} {8)

where g, is a vector of nodal discharges due to leakage, W is
the nodal weighting matrix, h is a vector of nodal heads, b, is
the vecior of nodal reference heads, and L is the lumped leak-
age matrix for the domain. The individual terms for the nodal
weighting matrix (W) are given by

”/r_,! = "SEJKU/KM 9}

where &;; is the Kronecker delta, K, are the terms of the
conductance matrix, and K, is the trace of the conductance
matrix. The conductance matrix written [or an individual disc
is fully populated. During transient behavior, the rate at which
fluid is released form storape within the fracture is given by

p, = —8,bh {10}

TABLE 3. Thermocoupie Locations

Thermocoupie Distance From Baseplate, m

A-1 and A-2 o*
A-3 and A-4 (duplicates) 0.175
A-5 0.169
A6 0.160
A-7 and A-8 0.270
B-1 and B-2 0.270
B-3 0.132
B-4 0.169
B-5 0.175
B-6 0.212
B-7 o*
B-8 0.189
B9 0.279

*Thermocoupies measuring boundary condition temperatures.

where v, is the storage depletion velocity, S5, is the specific
storage, b is the [racture aperture, and h is the time derivative
of head. The total quantity of fluid entering a fracture from
storage within the fracture per unit time is given by

q, = mS,bJ hdd {1y
A
Equation (11) may be restated in finite element form as
g, = 5,hbAWh {12)
which reduces to
q, = Sh (13)

where q, is a vector of nodal discharges due to storage deple-
tion, b is a vector of nodal time derivatives of head, and S is
the lumped storativity matrix for the fracture,

The summation of the conductance, leakage, and storativity
matrices for all fracture domains yields matrices representing
the {racturc system. Applying continuity to (4), (8), and (13}
leads to

Kh+ Lth—h)+Sh=gq (14)

where q is a vector of nodal discharges. The vector of time
derivatives of head h may be approximated using the back-
ward difference formula

Vadh,, ., —h) (15

hr‘hﬁl

where h, and h,,,, are vectors of nodal head at times ¢ and
t + Ar. Expressed in compact form, (14) becomes

K*h, .o = g0 (16)

where
*= K+ L+ /A8 an
Gt = Qo + Lh, + [/ASh, (18)

ice bath Wall of ice bath

Air gap

Baseplate

Boundary condition thermacoupie

Insulation

Muodel disc
Schematic cross section of the fracture system model show-

Fig. 2.
ing the application of boundary conditions and the location of
boundary condition thermocoupies.
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e Disc perimeter

_— Glabal nodes

/—— Intersection: slit

e i e——g

/—- Local nodes

Fig. 3. Discretized representation of a typical disc,

Time-dependent boundary conditions are applied to the nu-
merical model by specilying nodal values of h, ., in (16) and
of q,,, in (18) which correspond to time ¢ + Ar. Transient
behavior is evaluated by direct integration of (16).

The response of the numerical model may be expressed in
the same manner as the response of the physical model; that
is, normalized temperature versus dimensionless time. Again,
hydraulic head is analogous to temperature and is used in lien
of temperature in (1)

In addition to the lollowing comparison to a physical
maodel, the numerical formulation has been extensively vali-
dated against anailytical solutions for both steady state and
transient flow in confined and semiconfined axisymmetric sys-
tems.

INTERPRETATION AND PREDICTION OF MODEL BEHAVIOR

Elswaorth and Piggotr {19877 describe an attempt to apply a
nonleaky form of the numerical medel to the prediction of the
response of the physical model during test 1. Predictive errors
were observed at small and larpe dimensionless times while
acceptable predictions were obtained for intermediate dimen-
sionless times. The failure of the numerical model at large
dimensionless times is attributed to heat transfer between the
insulation and disc system. Thermal leakage is not sufficient to
explain the poor agreement observed at small dimensionless
times. The numerical model applied by Elsworth and Piggott
assumes a constant normalized boundary condition temper-
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Fig. 4. Variation of steady state normalized temperature with di-
mensionless diameter for selected A series thermoacouples.
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Fig. 5. Variation of steady state normalized temperature with di-
mensionless diameter for selected B series thermocouples.

ature of unity applied to the model at a dimensionless time of
zero. As discussad previously, the actual boundary conditions
are transient. The inconsistency in the applied boundary con-
ditions is suggested as the cause of the predictive error at
small dimensionless times.

Figures 4 and 5 show the variation of steady state normal-
ized temperatures with dimensionless diameter for selected A
and B series thermocouples. These curves were prepared by
substituting a range of values of the leakage coefficient into (7}
and obtaining a steady state solution to {16). Apparent steady
state normalized temperatures of 0.82, 0.64, and 0.70 were
observed for thermocouples A-6 through A-8 for test 1. En-
tering Figure 4 with these values suggsts a dimensionless di-
ameter of approximately 0.51. Repeating the process for the
remaining A series thermocouples yields an average dimen-
sionless diameter of 0.53 which is taken to be characteristic of
the insulating properties of the styrofoam packing material.
Apparent steady state normalized temperatures of 0.89, 0.87,
and 0.93 were observed for thermocouples B-1 through B-3 for
test 2. Entering Figure 5 with these values and averaging the
resulting dimensionless diameters with those obtained from
the remaining thermocouples yields a dimensionless diameter
of 0.28. This value is taken to be characteristic of the poly-
urethane foam used as insulation during tests 2 and 3. This
procedure for estimating the dimensionless diameter cannot be
applied to the results of test 3 as the thermocouples, by the
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Fig. 6. Variation of normalized boundary condition temperalures
with dimensioniess time.
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Fig. 7. Measured and various predicted thermal responses of ther-
mocouple A-6 for test §.

nature of the test, reach a steady state normalized temperature
of unity. Once the dimensionless diameter has been estimated,
the appropriate leakage coefficient may be determined by sub-
stituting the known values of dimensionless diameter, disc di-
ameter, conductivity, and disc thickness into (3).

Figure 6 shows the variation of the measured normalized
boundary condition temperatures with dimensionless time for
tests | through 3. The measured data in Figure 6 are approxi-
mated by third-order polynomial functions fit to the data
using the least squares procedure described by Aikinson
[1978]. By incorporating the approximating polynomials into
the computational algorithm, it is possible to represent the
transient nature of the boundary conditions without the need
to quantify the thermal properties of the materials separating
the model discs from the ice bath.

Figure 7 shows the measured response of thermocouple A-6
during test 1 as well as the numerically predicted response for
three modeling scenarios. Case 1 corresponds to a constant
normalized boundary condition temperature of unity applied
at time zero and to the assumption of perfectly insulated (con-
fined) behavior. Case I is typical of the resulis presented by
Elsworth and Piggorr [1987). Case 2 corresponds to constant
boundary conditions and a dimensionless diameter of 0.53.
Case 3 corresponds to transient boundary conditions and a
dimensionless diameter of 0.53, The best agreement between
measured and predicted responses is obtained for case 3 and,
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Fig. 8. Measured and predicted thermal responses for test §.
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Fig. 9. Measured and predicted lhermniiresponses for test 2.

for this reason, transient boundary conditions and semi-
confined behavior will be assumed in the remaining analysis,
All predicted responses presented in this paper were obtained
from numerical integration based on 40 dimensionless time
increments of 0.01 followed by 60 increments of 0.06 and then
by 30 increments of 0.20.

Figures 8 through 10 show measured and predicted re-
sponses for tests ! through 3, respectively. Thermocouples A-6
through A-8 and B-1 through B-3 were selected in order to
iliustrate rapid, intermediate, and slow thermal responses. The
agreement between measured and predicted responses for the
remaining thermocouples is of equal quality. Excellent agree-
ment between the measured and predicted responses is appar-
ent for tests | and 3. The numerical model consistently over-
estimates the response of the physical model for test 2. It is
suggested that the relatively poor agreement between the mea-
sured and predicted responses for test 2 are due to experi-
mental inadequacies. A nonuniform temperature distribution
on the baseplate is suspected.

CONCLUSIONS

The physical model represents a thermal analopue to a
system of hydraulically conductive discrete rock fractures. The
tests conducted on the model provide transient data which
may be used to evaluate the performance of computational
approaches to [racture hydraulics.
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Fig. 10. Measured and predicted thermal responses for test 3.
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The numerical model provides a method of simulating the
response of the physical model under various test conditions.
The incorporation of semiconfined behavior into the formu-
lation of the numerical model and the application of boundary
conditions accurately reflecting those experienced by the
physical model serve to improve the agreement of the mea-
sured and predicted responses relative to that obtained using a
nonleaky model with static boundary conditions. The ability
to interpret the magnitude of heat transfer from the matrix to
the disc system {rom apparent steady state conditions is sig-
nificant in that these parameters would otherwise be difficult
to quantily.

The constitutive relationship embodied in semiconfined be-
havior represents a simplification of the physics of the thermal
model. Explicitly representing the heat transfer within the in-
sulation and between the matrix and model discs requires
either the discretization of the matrix or the utilization of
more elegant, and computationally intensive, dual-porosity
models. Regardless of the inherent simplification of the leak-
age model, the formulation appears to adequately predict the
response of the physical model under the conditions of the
tests. The residual predictive errors are thought to be entirely
related to the limitations of the experimental procedure and
rot to a constitutive failure of the numerical model,

A detailed geometric description of the model and the re-
suits of the tests conducted on the model are available to
researchers wishing to evaluate alternative numerical algo-
rithms. Interested parties should contact the authors directly.

NOTATION
b fracture aperture or disc thickness.

d, d, disc diameter, dimensioniess diameter.

i, bbb hydraulic head in fracture, time derivative of
head, vector of nodal heads, and vector of
time derivatives of nodal heads.

h.h, reference hydraulic head in rock matrix,

vector of reference heads.
g vector of specified nodal discharges.

¢, 9, leakage volume per unit time, vector of nodaj
discharges due to leakage.
q. 4, storage depletion per unit time, vector of

nodal discharges due to storage depletion,
q, vector of nodal discharges due to conduction.
time, dimensionless time, and time increment,
v, leakage velocity.
v, storage depletion velocity.
A plan area of {racture.
D diffusivity.
k" leakage coefficient.
K conductivity,
K conductance matrix.
L lumped leakape matrix.
S, specific storage.
S jumped storativity matrix.
temperature, boundary condition temperature,
normaiized temperature, and initial
temperature.
W nodal weighting matrix.
Kronecker delta.
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