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Characterization of Rock Fissure
Hydraulic Conductivity Using
Idealized Wall Roughness Profiles

D. ELSWORTH*
R. E. GOODMANT

Changes in fissure hydraufic conductivity that accompany shear and normal
rock joint displacements may have a profound effect on total discharges into
engineered rock structures, The aperture changes that result from post-peak
shear strength deformations commonly overshadow those corresponding to the
pre-peak displacements. The form of the post-peak displacements are tensional
and shear-dilational opening of fissures. If the surfaces of the matched fissures
are idealized as either a sinusoidal or sawtooth form. the changes in hydraulic
conductivity that accompany these displacement modes may be evaluated
analytically. Assumptions inherent within this characterization approach relute
to whether the flow may be considered as non-tortuous or tortuous. The former
case aflows exact analytical expressions io be developed for the conductiviry:
the latter requires certain simplifving assumptions 10 be made. For tortuous
Sflow, the approximate analyviical representation of the hydraulic conductivity
is compared with a numerical solution and shown to yield saisfactory
agreement. These results have imporiant ramifications in accounting for
deformation induced changes in hydraulic conductivity within fractured rock

Masses.

INTRODUCTION

Conductivity evaluations of fractured rock masses are
of paramount importance in determining possibie for-
mation yields in the design of both resource exploitation
and civil engineering projecis. In such situations, it is
important that the conductive behaviour of the mass
may be characterized following perturbation of the
groundwater regime and hence the appropriate changes
in effeciive stress considered. The sensitivity of fissure
flow 1o changes in fissure aperture has been widely
reported [1, 2] For laminar and turbulent flow, it may
be shown that hydraulic discharge is proportional to the
fissure aperture raised to the powers of 3 and 3/2,
respectively. Changes in effective stress that promote
mass displacements therefore have a profound effect on
the fluid transmitting capability of individual fissures.

Displacements induced upon the rock mass discon-
tinuities may be divided between pre-peak and post-peuk
modes. The former relate to the shear and normal
stiffnesses of the discontinuities and have been reported
to be intrinsically non-linear functions of applied stress
[3.4]. Although the pre-peak displacements are
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significant parameters in accounting [or compatibility
requirements in conventional modes of numerical ana-
lysis, they may be completely overshadowed by the
magnitude of shear-dilational and tension related dis-
placements, post-peak. These modes of failure may
indeed be realized for unfavourably oriented planes of
weakness adjacent to engineered rock structures.

The following text explores the possibility of charac-
terizing the changes in the hydraulic conductivity of both
malched and mis-maiched rock fissures, of idealized
form, under shear and normal displacements. Both
sawtooth and sinusoidal forms are chosen and cases of
non-tortuous and tortuous flow treated under laminar
and turbulent flow conditions.

ALTERNATE PROBLEM FORMULATIONS

Two distinct aliernatives exist in determining the
changes of hydraulic conductivity that will accompany a
predetermined change in effective stress. The first of
these represents a global approach whereby conductivity
changes are measured directly on samples at a number
of different stress levels. Conductivity changes may be
measured within the laboratory [5. 6] under relatively
well controlled boundary conditions or, they may be
more tenuously deduced from field measurements [7]. In
either case, the hydraulic conductivity at an elevated
stress level for either an individual fissure or a portion
of the formation may be deduced reluative to the conduc-
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tivity al a prescribed datum stress level. Shortcomings of
this technigue relale to both the complex nature of
coupled stress level and conductivity testing. and the
inability of empirical characterizations to account for
the mixed mode deformations within the rock mass.

A second alternative in determining the stress de-
pendent changes in conductivity involves the decom-
position of the problem to the constitutive behaviour of
the components constituting the system. The per-
formance of individual components may be fully evalu-
ated. In this manner, individual fissures may be tested to
gvaluate the hydraulic properties as a function of aper-
ture distribution. Stress—deformation testing of fissures
may be utilized to evaluate the change in fissure aperture
distribution with stress level whereby both normal and
shear deformational modes may be accommodaied.
Combination of these two results then completely
defines the problem. The performance of a fractured
rock mass may then be simulated numerically for any
stress regime and arbitrary boundary conditions. This
approach offers some saving in effort over the empirical
or experimental approach if it is assumed that there is
some unique relation between the aperture density distri-
bution and the conductivity properties of a fissure, It is
possible then io dispense with conductivity testing of
individual fissures and the problem may be defined
purely from stress deformation testing. The philosophy
of separating fluid flow and stress—deformation charac-
teristics is maintained in the following discussion.

FISSURE HYDRAULICS

Relations between discharge rate and the environ-
mental loading of potential gradient may be deduced
from both analytical and empirical representations of
the problem. The transmissivity term relating the dis-
charge rate (q) to the gradient (V¢) is linear only for
laminar flow at low velocities. At high velocities and
bevond the range of laminar flow, the transmissivity
term is a non-linear function dependent on the potential
gradient. These relations may be identified symbolically
as :
{q) =[T}{V¢} Linear flow ()
{q} ={T(Vg)}{V¢} Non-lingar flow 2

where T is a transmissivity tensor. Characterization for
the linear laminar and the non-iinear turbulent regimes
must be rreated individually.

Linear potential flow

Analytical treatment of fissure flow is possible if the
conduit is idealized to an analogy of flow between two
parailel plates. This analogy is relatively consistent for
saturated, laminar, incompressible flow where fuid
transmission within the wall rock is negligible. If wall
roughness is slight in relation to the mean fissure aper-
ture, the parailel plate analogy yields the transmissivity
of a single fissure as

b.‘

12y

(3)
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Fig. 1. idealized geometric form for a single fracture within the plane
(after Tsang and Witherspoen [10)).

where T = transmissivity, g = gravitational acceler-
ation, b = mean fissure aperture and v = fluid kinematic
viscosity.

Numerous studies have addressed the characterization
of rock fissures exhibiting significant wall roughness.
The main concern within these studies has been to
increase the fidelity of the relation between fissure aper-
ture distribution and the corresponding fluid conduc-
tivity. Chronologically, the development has progressed
from empirically derived conductivity coefficients [8].
through thoughtfu!l consideration and isolation of all
contributing factors [9], to eventual attempts of anal-
ytical description {16~12]. This present study focuses on
the last of these concepts in an attempt to extend
characterization studies to dilatant fissures of idealized
sinusoidal and sawtooth form.

Analytical considerations

The effect of the aperture distribution function on the
resulting fluid transmission characteristics was studied
analytically by Tsang and Witherspoon [10]. Consid-
ering the aperture to have a stepped profile as shown in
Fig. 1. both longitudinal and transverse confined flow
may be considered. For purely longitudinal flow across
this profile, assuming no variation in aperiure in the
x,-direction, the weighted average cubed f{raciure aper-
ture (b) may be given by

2ab,
— =Y

24,

J

(4

where a, and b, represent incremental step widths and
apertures, respectively, as illustrated in Figs 1 and 2. The
derivation of the equivalent fissure aperture of (b*)1" is
directly analogous to that used in summing flow quan-
tities for longitudinal flow in stratified deposits. Equa-

Lengitud:nal X,
flow X2 \/

Fig. 2. ldealized peometric form for a single fracture in the transverse

{x,) or longituding] (xv,) direction (after Tsung and Witherspoon [10)).
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Fig. 3. Typical surface profiles from natural rock joints (afier Bandis er af. [13]).

tion (4) is entirely sufficient if there is no variation in
aperture in the longitudinal (x,} direction. However, if
this is not the case, the effect of this superimposed fissure
aperture variation must be accounted for in the analysis.
Summing the head drops along the mean direction of

flow (x,) yields
Za
={ . : 5
== (%), ©)

In a similar manner to (4), this expression is analogous
10 the case of transverse flow across a straiified deposit
where the discrete system may be represented by a
lumped parameter proportional to the gross hydraulic
conductivity.

Combining (4) and (5) into an expression for flow
within a rectangular block of fissure width W and length
L., where flow toriuosity is neglected gives [10].

W e — Hiv
o =T b5 (sz)rz[H(m H{x)] (6)
where @ represents discharge through the system and
{H () — H(x))] the head drop across the system.

If the variation in aperture distribution in the x,- and
x,~directions are identical then flow may be considered
proporticonal to <b~‘>x|. The assumption inherent within
this treatment of the problem is that within the rectan-
gular flow domain the streamlines and equipotentials

2

remain respectively parallel and perpendicular to the
longitudinal boundary of the flow domain. For tortuous
flow, this assumption has been shown to be considerably
in error. Former evaluations of this characterization
scheme {10] had shown reasonable agreement with test
data. Conflict in results arise because recent data reflect
large spatial variations in fissure aperture within the
samples studied whereas previous data had more
homogeneous aperture distributions.

Characterization procedures utilizing the above
methodology are extended for fissure configurations of
assumed spatial distribution. An aperture density func-
tion fixed in space is used rather than a statistical
distribution, The importance of using a known spatial
distribution of aperture is evident if shear-dilation effects
are to be examined in addition to normal closure.
Additionally, the effects of tortuosity may be more fully
evaluated and quantified.

Natural joints are observed as undulating surfaces in
profile, typically of approximate sinuscidal or sawtooth
form. Some examples of such features are shown in Fig.
3 for a variety of rock and joint types while Fig. 4
illustrates an attempted matching of a natural fracture
by the idealized forms suggested above.

In the following sections, expressions are developed
for flow within sinusoidal and sawtooth fractures subjec-
ted to shear deformation, dilation and normal closure.

Situsoidol representclion

N Sowiooth tepresentation

Amphtude k/2=01em
Wovelength A= 4 % em

Fig. 4. Attempted mutching of idealized sinuseidal and sawteeth forms on a real fissure profile (prosie reporied in Tsang [12]).
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Fig. 5. Geomelric representation of a mated sinusoidal fissure profile.

Sinudoidal fissure

The idealized geometric form of a matched sinusoidal
fissure is shown in Fig. 5. The changes in aperture
distribution resuliing from shear and normal defor-
mation are shown in Fig. 6. For flow transverse to this
plane (out of the plane of the paper), with no varialion
in fissure aperiure in the x -direction, the aperture (b} at
any location is given by

ol -
b=# wksin(ﬂ) sinﬂ (N
A i
where b, = mean wall separation. & = wall double ampli-
tude and n = shear offset.
For contacting fissure walls

b‘-—-ksin%]—!-E. (®)

b = ksin (zz;’i)[i — sin (3-23;:3)] (9)

gives the fissure aperture at any location along x,. From
this. ¢<b*» may be evaluated over any characteristic
length, the smallest muitiple of which must be a single

Therefore

n#0
{c} Shear displacement

Crigingt
prohie

Final profile
afrer normoi
cispiacement
bv

(b} Normal displacement

Fig. 6. Geometric representation of a mated sinusoidal fissure profile
subject 1o relative displacernent (n}.

wavelength. Thus

=3 j ‘ {b. -—ksin(%’f) SiﬂGEL})de; (10
L] ~ A

which for a non-mating fissure yields

W= 01+ Borsind () (1
and for contacting fissures. snbstitution of equation (8)
into (11) gives

b, =1 k-‘ssnl@). (12)

Thus, the mean cubed aperture is defined for a
sinusoidal  fissure with either contacting or non-
contacting faces for any arbitrary shear displacement.
All that remains to complete the model is to define the
change in mean cubed aperture that results from normal
closure (Ar).

If it is assumed that under normal closure, the over-
lapping faces of the fissure may be discounted in the
summation procedure it is possible 1o further define {b™>
according to Fig. 6.

The required term is equivalent to

b z.} (Jﬂ'b" dxy ~ J o d.\-J)
. i uy

where b retains the same definition as given in equation
{7). The limnits of integration may similarly be defined as

(13)

a|=—i—sén"l:]-————~—_ A ] (14)
2n ksin{zn/2)

sin a, = sin{n — a,)

(13
Expansion of equation (13} yields

1+
;J b3dx3=(bﬁ~—mr)3+§(bo-—sz)k:ﬁ“:(%) (16)
. [¢] "

1 fe
7 j B dx, = [(quJ — ArYx, 4 3(b, — Av Yk sin (F;—)

2 21X, .
x I cos(—wl) + 3(by— Ar)k”

e

()

where b, is b, at the initial mating of the fissure walis as
given in equation (8) and Ar is the normal closure from
this initial position. It is possible. therefore. to fully
define the change in discharge for flow across this
idealized sinusoidal fissure profile. Arbitrary shear and
normal deformations may be specified.
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Fig. 7. Offset profiles of fissure surface number | subjected to
increasing relative displacement g through d (after Tsang [11]).

An example iilustrating the use of this technique will
highlight the applicability of this procedure. From Fig,
3, fissure profile number 1 may be taken. Assuming that
the fissure walls match, the assemblage may be subjected
to initial shear deformations of different magnitudes as
shown in Fig. 7. If a non-linear joint stiffness relation is
applied to the problem {10} as idealized in Fig. 8, the
normalized discharge as a function of normal stress may
be evaluated. Resulis for discharge at the four different
joint offsets of Fig. 7 are given in Fig. 9 under increasing
normal load. It is encouraging that the resulis predict
high transmissivity at low normal stress levels and
drastic decreases in conductivity with increased ambient
stress.

For transverse flow in a sinusoidal fissure. the theor-
etically derived expressions may be compared with the
empirical resulis of Louis [8] given in Table . Longi-
tudinal fow path lengths must be adjusted for the
analvtical expressions io vield physical eguivaience.
Equating the theoretical and empirical expressions and
solving for the three dimensionless groups b/k, n// and
b/4, the range over which both methods give identical
results may be determined. A plot of this relation is given
in Fig. 10 indicating the range of equivalence of two
solution processes.

Sawrooth fissure

An alternative to a sine curve s a sawiooth fissure
description as shown in Fig. 11. For transverse fow,
similar expressions may be developed as for the sinus-
oidal case. For mating or non-mating sawtooth fractures

Relalive units {o} stress

Relanve umts {Av) normcl displocements

Fig. 8. Stress-fraciure closure relation for fractures o through 4 in
Fig. 7 (after Tsang [i1]}.
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Fig. 9. Variation in normalized flow rate as a function of normal stress
for mismatched sinusoidal fissures.

of geometry shown in the figure, the mean fissure
aperture may be shown to be equivalent to

An

O =D

{(A[ +h‘)m+l — (bl _ Ar)m-rl]

+ (b + A"+ (b, — Ao (%—%)

(18)
where m = an arbitrary exponent and Aw = n = shear
offset.

The usefulness of defining the mean aperture as raised
to any arbitrary power m will be realized in dealing with
the case of wrbulent Aow. Fluid transmission is then a

Table 1. Equivalent hydrauiic conductivities

Hydraulic zone Hydraulic conductivity Range of validity

gb’ .
1 g 0<ki2b<0.033
| 2w
bE
4 A 0033<k/Tb<0S5

12v(1 + 8.8(k/2b)* %)

H/q

o o oz G3 04 05
L } j 1 1 8]
1 2 3 4 5 &

b/ A

Fig. 10. Graphicul represemiation of the dimensionless ratios bk, bis

and n/4 for which empirical results for fracture conductivity 18] are

equivalent 1o the analytically derived conductivities. Laminar fow,
sinusoidal fissure.
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Fig. 11, ldealized geometric form for a suwiooth fissure profile.

function of mean aperture raised to the power 3/2. For
the laminar case the exponent m is 3 and (b*) may be
evaluated from equation (18). For a mating fissure
b, = Ar and (i8) reduces to

2Ae) A
ey = 22 (1 »—-7'5) (19)

2 i

where
Au=n (20}
2nk
 J———— 7

At T (21}

If the appropriate values of Aw and Ar are substituted
into the sawtooth characterization equations, as given in
{20y and (21). it is possible to compare the conductivities
for the two idealized fissure forms. The ratios between
sawtooth and sinusoidal conductivities are given in Fig.
12. The sawtooth idealization always returns a conduc-
tivity lower than that due to the sinusoidal represent-
ation. This effect is most pronounced for a contacting
fissure and reduces as the aperture (b,) increases relative
1o the undulation amplitude (k). Thus discharge for
non-iortuous flow may be shown to be a function of the
two dimensionless variables b/k and n/A. The change in
discharge may be quantified merely in terms of the
relative shear displacement #n/4 for a contacting fissure.

oMot
A
wicormos
b

Conteeting Hasure
{ 1 | |

] 0.0
o] o1 0.2 03 G.4 0.5

n/ i

Fig. 12. Ratio of analytically derived conductivities for sawtooth and
sinusoidal fissure profiles. Laminar flow.

Figure 13 illustrates the increase in conductivity that
results from dilation of a contacting fissure undergoing
shear displacement. The sinusoidal fissure maintains a
higher conductivity for all displacements consistent with
Fig. 12,
Torwosity effects

The previous study has considered longitudinal flow
restricted within a transverse section invariant in profile.
Tortuosity effects have been shown io have a profound
effect on discharge [i2]. Neglecting tortuesity may,
therefore. lead 1o considerable error in conductivity
characterization. These effects are minimized when the
aperture density distribution is in the form of a spiked
della function and the fissure, by definition, faithfully
represents the geometry of parallel plate flow. In this
instance there is little variation in aperture magnitude in
either of the two orthogonal in-plane co-ordinate direc-
tions. Streamlines and isopotentials form a near recti-
linear grid and the conductivity may be approximated as
proportional 1o (b,

The aperture variation {or a mating sinuseidal fissure
may be represented in the twe dimensional plane of a

fissure as
e

k 2nx 2mx,
bz—sin(ﬁ){z—sin( n.")—sén( =
4 2 4 A

2.5
20 ©
(=Y
g
Sinusoidali 3
E=1
5 2
£
Sowtooth z
-0 &
3
@
5
-1 05 %
“
i ] 1 H 00
0.0 s X] G2 03 04 Q5

n/x

Fig. 13. Variation in normalized discharge for non-tortuous fow in
sinusoidal and sawtooth fissures under a full range of shear displace-
menls,
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Fig. 14, Variation in fissure aperture for tortuous flow evaluations.

where the scaling factor on k& maintains the maximum
and minimum fissure apertures equal to those for the one
dimensional case as given in equation (9). The variation
in fissure aperiure in twe dimensions is shown sche-
maticaily in Fig. 14. The mean cubed aperture may be
evaiuated by integration in the two orthogonal co-

ordinate direction as
1 f i .
— b dx, dx..
"l"ﬁ m 0

Asuming that the wavelengths 4, and 4, are identical for
the most specific case vields

N . mn
B =& k' sin’ (—)

A

Y, =

{23)

(24)

This differs from the expression for non-tortuous flow as
stated in equation (12}

(b, =1k sinf(ﬂ).

£

(12)

Comparison of the 1wo expressions indicaies that con-
sideration of a two dimensional variation in fissure
aperture reduces the conductivity by over an order or
magmtude. Although equation (24) is not rigorously

002
Anclyhcal expression for
sinusoact tissure {2-0)
—+— Numerncai simulakon
z
I
— ik
212
oo @ X
-
x
L=
L ey
sXe} 035

n/h

Fig. 15 Dimensioniess discharge predicted from the analyvtical and
numerical evaluptions of tortuous How in ar idealized sinusoidat
fissure.

correct (since it does not allow for non-rectilinear flow
within the fissure) the resuit is qualitatively correct.

The validity of using the cubed fissure aperture aver-
aged in two dimensions as an index of conductivity may
be tested by numerical simulation. The plane of the
fissure may be subdivided into a flow grid and appropri-
ate conductivities assigned to each individual element.
Solution by a steady state finite element code was
utilized imposing a unit head drop on two opposite fuces
of a square region and a linear variation in head on the
two remaining faces.

The results of this numerical simulation for a 10 x 10
grid of elements are shown in Fig. 15. Dimensionless
discharge is shown as a function of relative shear
displacement. The analytical and numerical results show
favourable agreement considering that flow is markedly
non-rectilinear. This facet of the analysis is illustrated in
the contoured head distnibution for the numerical testing
in Fig. 16.

The tortuous nature of flow presents further problems
in defining a discharge term in that inflow 1o the
domain will occur on sides along which a linear variation
in head is specified. This effect is shown by the plot of
the fluid flux vectors in Fig. 17. However, for the

Head m

Hepd =10 Hepd« O O

Piot of heod contours
Q.1 unil imervals

n/y=0.25
K/A=0.20

Fig. 16. Flow domain for the numerical simutations contoured tu vield
the variation in iotal head for tortuous flow.



pZih Lo ORTH and GOOIMAN:

n/h =050
k/h =020

flux =1x10% [~

x4

n/h =025
k/h = 0.20

3 fiux =1z10°

Fig. 17. Distribution of flux vectors for pumerical simulation at twe
representative shear oflsels.

purpose of this characienzation, discharge is taken as
total discharge from the flow domain.

A comparison between the numerical results and the
analvtical expressions for discharge is shown graphically
in semi-log form in Fig. 18. The analytical expression for
tortuous discharge through a two dimensionai sinusoidal
fissure overestimates discharge less than that for the
non-tortuous case. it should be noted. however, that the
expressions developed for non-tortuous flow are ana-
Ivticaily correct. Their shortfall lies within the difficulty
with which they may assimilate the true geometry of
rock fissures. Comparison between the analytical and
numerical simulations may be taken as conclusive in
showing that tortuosity effects may be accommodated in
some approximate manner within an analytical solution.

The concept may be extended for a contacting saw-
tooth fissure by following the same integration pro-
cedure for (b*), .. Conceptual problems in modelling
this system arise in that the fissure variation of Fig. 11
in two dimensions leads to a sealed compartment with
no eniry or exit for fluid as illustrated in Fig. 19, This
clearly negates the possibility of fluid transmission
within the systemn. The sawtooth geometry is, however,
considerably more convenient to handle for the case of
integration schemes for turbulent flow in representing
(b*?), ... Therefore, despite this limitation, (b™), ,, will
be assumed a suitable index for tortuous flow within a
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Fig. 18, Variation in dimensionless discharge as a {function of relative
shear displacement for both apalytical and numerical conductivity
evaluations,

sawtooth fissure, Integration of the aperture in two
dimensions for Fig. 19 yields
] —i—l < (25)
2

(CAcY"{ Auf 2
b = — —
LIPS 2 [l, (m -+ 1

which for equal wavelengths in the x;- and x,-directions
and with m equal to 3 reduces to

3 . (2AL’)3 ( _ éE
<b >x,.\‘: - I j_ .

4
For linear, laminar flow within an irregular fissure, it
appears that an averaged fissure aperture provides the
only presently tractable method of flow characterization.
The variation in fissure aperture may be described by
some spatial function as attempted in this work. The
advantage of having knowledge of the spatial variation
is that the effect of dilation may be evaluated. Dilation

(26)

M2+ Hu

G

Fig. 19. Geometric description of a sawtooth fissure in three dimen-
sional form.
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is clearly lir:=::ant in situations where shear defor-
mation may rauii ‘tom mechanical or hydraulic loading
of individual fissures.

Non-linear porential flow

The non-hnearity inferred in this context is that
discharge rate is no longer directly proportional 1o
hydraulic gradient. The transmissivity tensor for the
fissure is consequently a non-linear function of gradient
and may be expressed symbolically as

ia} ={T(Vg)]{¥e]. {2)

The non-linearity results from the mixed interference of
inertial and kinetic effects. both of which may be sub-
stantial for high velocity flow.

Inerrial effects. Inertial effects are manifest where
spatial accelerations within the flow domain are appar-
ent. Accelerations result from flow convergence or
divergence and may be envisaged to occur adjacent io
well bores or in fissures tapering in the direction of flow.
This effect is not exhibited in plane. non-tapering flow
situations.

The importance of inertial effects may be quantified
for any given flow domain by recourse 10 an inertial
factor [9]. This factor essentially represents the ratio of
inertial io frictional foss within the system and may be
stated as

lecricx)
M I e
|—gig/cx)

where 1 and ¢r/Cx, are respectively the Aow velocity and
gradient of velocity and ¢ /¢x, represents the total head
gradient. For laminar flow. inertial effects may be con-
sidered as enly of significance for values of i greater than
0.5, Thus. if values of # may be maintained below this
threshold. inertial eflects may he negiected.

Kinviie effects. Kinetic effects result from head losses
at increased flow velocities being dependent on velocity
head in addition to the potential head. For low velocity
flows. the kinetic head loss is negligible in comparison to
poteniiai head loss and may be neglected. However, for
flow in fissure systems, kinetic losses may account for a
significant portion of the total losses.

In addition to kinetic losses. turbulent flow may be
manifest at increased flow velocities. The onset of tur-
bulence may be indexed by recourse 1o the critical

(27)

Reynolds number. For flow In rock fissures, the
Reynoids number may be defined as
2
i (28)

where ¢ =velocity, b= mean fissure aperture and
v = fluid kinematic viscosity. For rock fissures. the crit-
ical Reynolds number commonly lies between 100 and
2300. increasing from the lower datum with decreasing
joint wall relative roughness.

Tn conductivity testing of fissures it is not possible 10
separate the effects of kinetic and turbulent loss explic-
itly since both effects may be manifest simultaneously
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and to varying degrees. Non-linear criteria may be
identified 10 deseribe this phenomenon.

Two flow laws have been proposed 1o relate flow
velocity to hydraulic gradient in a non-linear manner,
These relations are summarized in recent literature
{14, 15]. The first of these is the Forchheimer law using
a polynominal expression to describe the velocity de-
pendant gradient (V¢ ) as

Vo = av + bv* (29)

where @ and b are constants and ¢ represents the flow
velocity in the direction of maximum gradient. Con-
stants @ and A are determined experimentally and are
properties of the fluid and transmitting medium. The
constants are only applicable over a given range of flow
velocities. outside which, revised parameters must be
substituted. For low velocity flows. constant & is much
larger than b and the expression reduces to the normal
Darcy law. The validity of this relation has been inferred
from both experimental results and from manipulation
of the Navier-Stokes equations.

A second relation between hydraulic gradient and flow
velocity is the Missbach law in the form of a power
function

Vo = co™

where ¢ is a proportionality constant and m is an
exponent ranging between ! and 2. The magnitudes of
both ¢ and m vary with flow velocity although may be
sensibly constant over a given range. The validity of the
faw has been confirmed for fissure fow in simulated rock
fractures by Louis [8]. These flow laws enable the
conduciance of a fissure of known geomeiry to be
determined uniquely as a function of flow velocity. The
Missbach law in equation (30) may be rewritten as

v = —KV$® (31)

where K represents the hydraulic conductivity of the
fissure and z is equal to unity for luminar flow and 1/2
for turbulent flow in a rough walied fracture. Suitabie
values of K and the range of validity of the laminar
regime are obtained from the work of Louis [8]. Fissure
conductivity is a function of aperture and fissure wall
relative roughness (k/2b) with a critical Reynolds num-

(30)

Table 2. Equivalent hydraulic conductivities (from Louis [8)

NB. D, =2b.
Hydraulic conductivity Exponcent
Hydraulic zone (LM fx}
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Fig. 20. Hydraulic flow regiens {after Louis [8]).

ber being ascribed for any given fissure relative rough-
ness 1o delineate the transition from laminar to turbulent
fiow, The empirical results for the constants X and « are
shown in Table 2. The range of validity of these param-
eters as a function of the dimensionless parameters of
relative roughness {k/2b) and Reynolds number are
shown in Fig. 20, The form ol non-linear conductivity is
shown in Fig. 21 as a function of gradient bevond a
threshold gradient for a number of representative fissure
apertures.

The two phases of flow in the laminar and turbulent
Tegime give

Vo = (32)

Laminar v=KVep

W2

Turbulent v = Kx(V$)* Vo &}’*{— (33)
T

The Missbach relation implies that fiow is linear until the
onset of turbulence. Bevond this threshold. the effect of
kinetic head in contributing to total head loss is consid-
ered. The implication of this is thut head loss due to
velocity effecis is only considered bevond the turbulent

«"1ominar « O 0852

b= 0cm
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Dimensioniess condyctlivity K x 10
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i ' 1 1
o] 3 1% 15 20 25 30
V¢ Hydraulic gradsent

Fig. 21, Variation in dimensionless conductivity with hydraulic gra-
dient.
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threshold rather than as a continuous function of
velocity as in the Forchheimer relation. The Missbach
relationship is analogous to the Forchheimer relation
where the coefficients # and h may be substituted as

Laminar am= e b=0 (34

]
e

Turbulent a=0 b (35)

Throughout this work, the Missbach flow law is used to
characterize the full flow regime, This is the form in
which the only authoritative experimental data on the
subject are reported.

Methods identical to those outlined previousiy may be
used 1o characterize equivalent fissure apertures for flow
under turbulent conditions. For non-tortuous flow the
discharge may be represented as

W
q m“f'(b”’Ll{H(O)—H(I)}'d (36)

where W = flow domain widih. L = flow domain length.
d 15 an experimentally determined coefficient and
g = discharge rate. Thus. the average fissure aperture
should be evaluated to the power 3/2. The sawiooth
representation of fissure geometry is most convenient
and yields for the case of a contacting fissure

1 Au
372 — NP T
(b2, = (280) (2 5/..). G7)
As was determined previously however, the two dimen-
sional realization of such a fissure may be more appro-
priate in determining the true flow characteristics. In this
instance equation (25) yields

. 28y /1 Au
3z EESIG AT

As mentioned previously. the geometry of a trapezoi-
dal flow compartment is difficult 10 justify as entry into
the fissure is sealed on all four sides as shown in Fig. 19.
No other tractable solution is. however, currenily
feasible. Fissure apertures weighted in this manner may
be used to determine conductivity changes resulting
from shear and normal deformations,

DISCUSSION

The accuracy of the conductivity predictions made
from the procedures outlined above may only be viewed
in the light of the adequacies of the respective fissure
idealizalions. Clearly, the form of real rock fisures may
only be crudely approximated by sinusoidal or sawtooth
forms. Logical extension of the work would involve
spatial discretization of real rock profiles accompanied
by numerical summation to evaluate the parameters
¢b*y or {b**) as appropriate. in this approach. however.
the analytical simplicity is lost and trends in overall
behaviour may not readily be identified. From this
viewpoint, the concepts presented herein are believed
most useful.
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For non-tortuous flow. the analvtical resulis are exact
since all physical and analytical assumptions are com-
patible. A physical analogy to the geometry envisaged
for non-tortuous flow might be flow along the crest axes
of ripple marks and their corresponding casts in sedi-
mentary deposits. With shear occurring transverse to the
structures. the accompanying dilation greatly enhances
the longitudinal hydraulic conductivity up to a max-
imum for a contacting fissure. Both sinusoidal and
sawtooth forms of fissure roughness may be accommo-
dated with equal ease. Choice of either form would rest
with the adequacy to which either idealization represents
the true situation. It is noted that conductivities derived
from a sawtooth idcalization are ahways lower than those
for sunusoidal surfaces at corresponding shear and
normal offsets. The conductivities of the two forms only
approach equality in the limit as the normal separation
is increased (Fig. 12).

The analytically derived conductivities and those eval-
uated from empirical results {8] may be compared only
if due allowance is made for roughness in two ortho-
gonal directions. In the comparisons, it is assumed that
there is an undulation in fissure profile measured along
the length of fiow and that this undulation is identical 1o
that in the transverse direction. However. flow is main-
tained to be non-tortucus requiring that there is no
change in aperture in the longitudinal (x,) direction,
Consequently, a constant aperture is superimposed upon
the undulation form of the fissure profile. Based on these
assumptions, the empirical and analytical results are
shown to be equivalent for single values of the ratio of
mean fissure aperture to fissure wavelength (b/2). Such
comnparisons allow some conclusions to be drawn as to
the applicability of the analytical characterization
scheme aithough the empirical resuits were only re-
ported, in their original form, for non-contaeting fissure
walls. '

The importance of considering tortuosity in fow
cannot be underestimated in the characterization pro-
cess. In this treatment. a representative sinusoidal vari-
ation in fissure aperture in two dimensions has been used
to evaluate the effectiveness of the summed ¢b"> 1ech-
nigue for toruwous flow. Although. in the example
considered, flow may be recognized 1o be tortuous, the
degree of tortuosity is low with the simulated fissure
profile containing a single point of mating. From recog-
nition of this factor. the analogous physical situation
would be a fissure under low ambient normal stress. The
procedure is, however, not limited to this low ambient
stress state and may accommodate any arbiirary mag-
nitude of closure.

Although for tortuous flow, the flow path pattern is
markedly non-rectilinear, excelient agreement is main-
tained between the analytical characterization and the
numerical simuliation. Indeed. the level of agreement is
encouraging. One of the necessary characteristics of
tortuous flow 1s that a gradient applied in one direction
may induce flow in a direction non-parallel to the
orientation of the maximum global gradient. In this
manner therefore, account must be taken of the fact that
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the throughput of the system is not isolated purely to the
inflow and outflow faces as illustrated in Fig. 17. In this
work, the total throughflow hus been used a5 the charuc-
teristic discharge quantity in the evaluations.

Where flow may be expected to exit the laminar
regime and become turbulent. the appropriate aperture
to be used in characterization studies is the mean fissure
aperture 1o the power 3/2. No suitable flow analogy is
available for this case of turbulent Row with the mean
aperture 10 the power 3/2 requiring to be accommodated
in the empirical relations.

CONCLUSION

From the previous text it is evident that character-
ization of the form presented herein can constitute a
valuable procedure in evaluating posi-peak shear
strength change in hydraulic conductivity. The analytical
treatment for the case of non-tortuous flow is exact.
although physical situations directly anajogous to the
geomeliry are somewhat limited. Conversely, the ana-
lytical treatment for tortuous flow is approximate in that
the non-rectilinearity of flow may not be accommodated
in closed form. The geometry is, however. more amena-
ble to physical description and as such more representa-
tive of real rock fissure profiles.
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