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A B S T R A C T   

Grain texture characteristics play vital roles in modulating the anisotropy, strength, and ductility of crystalline 
rock. Grain textures (shape, size, orientation and heterogeneity) are a key parameter controlling response but are 
challenging to incorporate in a quantitative manner. We propose and incorporate a grain texture model (GTM) 
into granular mechanics modeling by the distinct element method (DEM). This model seeds then grows indi
vidual non-spherical grain clusters that honor the granular and intergranular textures of granites. The model is 
applied to “virtually sinter” Lac du Bonnet granite and represent the pre-through post-peak evolution of damage 
and deformation. The model is able to capture all significant features of this macroscopic mechanical evolution of 
damage through failure. With an increase in confining pressures, a transition from brittle to ductile response 
occurs in the post peak stage and the fitted Hoek-Brown strength envelopes for peak strength and crack-initiation 
stress in these numerical experiments are consistent with physical observations. An increase in aspect ratio of 
individual grains slightly increases the UCS/TS ratio, whereas an increase in dip angle decreases the UCS/TS 
ratio. Parametric studies varying the proportion of minerals and the form of contact groups with various grain 
shapes and orientations allow the systematic evaluation of controls of grain texture on the evolving macroscale 
strength and deformability. An increase in grain aspect ratio increases the proportion of inter-grain contacts. A 
change in dip of the grain long-axis does not change the balance of either the mineral groups or the contact 
groups but significantly influences the number of inter-grain tensile cracks and the resulting UCS/TS ratio.   

1. Introduction 

Grain texture imparted by the assemblage and interface character
istics between minerals plays a vital role in the development of micro
scale damage and evolution of macroscopic mechanical behavior in 
crystalline rocks. If such microstructure and microscopic interactions 
within rock can be replicated then the complex mechanical interactions 
contributing to macroscale behaviors may be reproduced.1 Defining a 
“virtual” grain texture model (GTM) is one approach to depict the 
microstructure and render it amenable to numerical simulation. Three 
key features must be considered in the GTM: viz. grain geometry char
acteristics (size, shape and arrangement), intragrain mechanics and 
grain boundary interactions. 

Voronoi tessellation (VT) is widely used as a tool to describe the 
shape of grains both for the finite element method (FEM)2 and for 

discrete element method (DEM)3–12 simulations. An advantage of DEM 
is that the grain boundary interactions can be readily represented with 
segregated contacts. There are three elements used in DEM to represent 
the grains present in the GTM – these are blocks, clumps, and clusters, as 
shown in Fig. 1. Grains represented as blocks and clumps are deformable 
but unbreakable. Thus, the crack modes for both blocks and clumps are 
limited to grain boundaries and intra-grain failure is excluded. To 
overcome this shortcoming, Potyondy3 developed a grain-based model 
(GBM) in the two-dimensional Particle Flow Code (PFC2D) to mimic the 
spalling behavior of Äspö diorite by utilizing a Poisson-VT (see Fig. 1 
(g)). PFC-GBM employs clusters to represent the grains, which are col
lections of particles, and are crushable. PFC-GBM is able to reproduce 
the major observations of brittle rock deformation under uniaxial 
compression and in Brazilian tensile tests.13 The effects of grain size8 

and its distribution9 is readily represented in PFC-GBM with others 

; DEM, distinct element method. 
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improving various grain generation methods10 (see Fig. 1(h)) and 
applying new contact models.12 New VT algorithms have been proposed 
to control grain subdivision and grain shapes in the block based DEM4,7 

(see Fig. 1(e) and (f)) and the particulate DEM11 (see Fig. 1(i)). 
In reality, grain shapes of minerals are irregular and not always 

amenable to representation as standard polygons or polyhedral defined 
by the VT – especially where there is strong grain interlocking within the 
grain texture. A clump is an inseparable aggregate of particles and can 
be regarded as a block of any shape. A clumped particle model was 
proposed by Cho, et al.14 to improve the presicion of particulate DEM 
models in defining macro-scale properties in both compression and 
tension. A stamping logic, introduced by Yoon, et al.,15 is a typical clump 
generation algorithm to randomly stamp a circular contour on clumps of 
bonded particles (see Fig. 1(b)). However, grain shape is not always 
circular or spherical, and grain orientation cannot be independently 
considered in this case. Zhang, et al.16 proposed a non-spherical 
stamping logic in 3D, which employs an ellipsoid to define the clump 
shape (see Fig. 1(c)). The advantage of an ellipsoidal shape is that the 
grain orientation can be defined by the dip angle of the long axis and a 
realistic value of aggregate strength may be applied. To achieve a more 
realistic arrangement of clumps, a 3D clump method was developed to 
represent the grain growth process by Ye, et al.17 (see Fig. 1(d)). 
Although clumped particle models can reproduce the interaction be
tween several minerals, there is generally no consideration of the 
mechanism of intra-grain breakage and interactions of multiple 
materials. 

Intra-grain failure can be considered in bonded particle models 
(BPMs) where individual grains are arranged in clusters. Thus, BPMs are 
widely used to represent cemented materials.19,20 As one form of BPMs, 
linear parallel bonded models (LPBMs) may be considered as a “cement” 
to collect the intragranular particles.3,5,8–10 Conversely, the ratio of 
uniaxial compressive strength (UCS) to tensile strength (TS) of minerals 
cannot be exactly captured by LPBM. Thus, another BPM, the flat-joint 
model (FJM), developed by Potyondy,21 has been used to model the 
contact between mineral grains.12 

Minerals are typically more easily broken on grain boundaries than 

through the mineral grains. A smooth joint model (SJM) has been 
employed to describe the opening and sliding behavior of grain 
boundaries.3,4,8,9,12,17 However, there are two reasons that the SJM is 
incapable of reproducing the mechanical behavior of grain boundaries. 
Firstly, SJM is merely fit to mimic the mechanical behavior of existing 
joints as it provides a sliding plane with a fixed joint angle.22 The fixed 
joint plane limits the deformability of the grain shape, so it cannot 
provide a realistic contact for relatively large relative displacements of 
the grain boundaries. Secondly, due to the interlocking problem of 
SJM,23 it results in an increase in shear strength and dilation angle of the 
joint.10,23 Li, et al.10 provided, instead, a strategy of using a weak LPBM 
to mimic the behavior of grain boundaries. A common problem existing 
in the current implementation of PFC-GBM is that only one kind of bond 
parameter is used on the grain boundaries although there are several 
materials present in the rock specimens. 

The following develops a method of grain texture generation based 
on a principle of grain seeding, growth and coalescence. The novel 
approach considers grain shape and orientation and is executed after the 
grain seeding initiates and before grain clusters are developed. Multiple 
material interactions are considered after GTM generation. The method 
is then used to study the mechanical behavior of Lac du Bonnet granite 
under unconfined and confined compression, as measured in laboratory 
experiments. Once validated, parametric studies explore the effect of 
grain shape and orientation at microscale on macroscale deformation 
characteristics. 

2. Grain Texture Model (GTM) 

Grain texture is observed in crystalline rocks and results from the 
intergrowth of grains and their boundaries. A synthetic mixture of 
several minerals may be distinguished by its GTM. Two different contact 
models are selected as representations of intragrain texture and the grain 
boundary. A generation procedure and multiple material interactions of 
GTM are introduced here. 

Fig. 1. Alternative methods of defining grain texture and shape in DEM: (a) Identification of grain boundary of plagioclase in Lac du Bonnet granite (white grains are 
quartz (Q), light grey grains are alkali feldspar (K), dark grey grains are plagioclase (P) and black grains are biotite (B), as modified from Åkesson18); Stamping logic 
for a “clump”: (b) Circular stamp,15 (c) Non-spherical stamp, modified from Zhang, et al.,16 (d) Grain growth algorithm, modified from Ye, et al.17 with Voronoi 
tessellation logic used in blocks: (e) Angular VT,4 (f) 3D Poisson-VT,7 and in clusters: (g) Poisson-VT,8 (h) Imported grain geometry,10 (i) Weight VT.11 
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2.1. Intragrain texture 

Deformation, dislocation, and fracture separately represent the 
elastic, plastic, and failure behaviors of a single grain. In PFC, BPMs are 
employed to mimic the aggregate of particles that constitute a single 
grain24 so that they can effectively simulate intra-grain fracture by bond 
breaking. As one particular form of BPM, LPBMs are widely used to 
reproduce the mechanical behavior of brittle rock. However, due to the 
contribution of rotational moments, the ratio between UCS and TS is 
typically insufficiently large when using LBPM as a material contact 

model.20 This is because, the coordination number of any particle is too 
small, then the solution is to increase the degree of grain interlocking by 
augmenting the interaction range25 or number3,14,26 of grains. Adoption 
of a flat joint model (FJM) can increase the interaction number for 
grains, and this may be successfully applied to represent intragranular 
contact for the mineral.12 

A flat joint is a disc interface in three dimensions between two 
notional surfaces of grains when the FJM is installed. The interface is 
discretized into elements along the radial (Nr) and circumferential (Nα) 
directions, respectively.27 The flat joint can be partially damaged since 

Fig. 2. Initial microstructural forms for flat joints: (a) Bonded; (b) Gapped; (c) Slit. Note that the forms of damage to a bonded flat joint: (d) Open; (e) Partially 
damaged with cracks colored red/blue for tensile/shear failure (modified from Potyondy19). (For interpretation of the references to color in this figure legend, the 
reader is referred to the Web version of this article.) 

Fig. 3. Generation procedure of GTM: (a) Random grain seed distribution; (b) Numerical specimen generation; (c) Grain cluster masking; (d) Contact between gap 
ball and boundary ball, scaled from (c); (e) Grain cluster growth; (f) Contact grouping. 
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each element can be bonded or unbonded. Once the stress acting on the 
bonded element exceeds either the tensile or shear strength, a tensile or 
shear crack will occur. In its unbonded state, three initial microstruc
tures of gapped, slit and undefined forms are defined by the nature of the 
initial surface gap.21 When the initial surface gap is equal to zero, the slit 
contact will slide along the flat joint without rotational resistance, as 
shown in Fig. 2. The FJM also responds to the action of both force and 
moment. 

2.2. Grain boundaries 

Opening, sliding or rotation can occur at the grain boundaries. The 
grain-based model (GBM) employs a smooth joint model (SJM) to mimic 
the behavior of the grain boundary.3 Because of the disadvantages of the 
SJM, Li, et al.10 used a weak LPBM to mimic the behavior of grain 
boundaries. We follow their work and choose the LPBM as the contact 
model for grain boundaries. 

A bond is a parallel connection with a linear component referenced 
as a parallel bond. Two components share the same displacement to 
maintain geometric compatibility in a contact and the forces on them 
constitute the contact force. Both components respond through the 
elastic micromechanical parameters of elastic modulus and stiffness 
ratio. Only the linear component provides the coefficient of friction to 
preclude the possibility of slip. The parallel bond will be broken once the 
normal or shear force and moment reach the maximum value of tensile 
or shear strength, as follows 

σ*
t =

Fn

A
+ β

MbR
I

, τ∗ = Fs

A
+ β

MtR
J

(For ​ 3D)

with ​ β ∈ [0, 1]
(1)  

where, σ*
t and τ* are tensile and shear strengths, Fn and Fs are normal and 

shear contact forces, Mb and Mt are bending and twisting moments, β is 
the moment contribution coefficient, and A is the contact area. 

The moment contribution coefficient β can be neglected when LPBMs 
represent grain boundaries. The reason is that grain boundaries cannot 
transmit the effect of moments (the thickness of the bond is assumed to 
be zero), and the same pattern is set in the SJMs. The parallel bond is 
degraded to a cohesive interface while the moment contribution coef
ficient is set to be 0. Thus, the tensile or shear strength can be expressed 
as: 

σ*
t =

Fn

A
, τ∗ = Fs

A
(2)  

2.3. Generation procedure 

Contracted with VT method of the GBM and stamping logic of the 
clump particles method, the GTM is generated by spherical/non- 
spherical grain clusters and expanding the clusters to form the grain 
boundaries just like the grain growth process. The generation of GTMs 

can be divided into four steps: random grain seed distribution, numer
ical specimen generation, grain cluster masking and growth, and contact 
grouping and materials assignment, as shown in Fig. 3. 

Step 1. Random Grain Seed Distribution. 
Before GTM generation a mineralogical analysis defines the pro

portions of minerals and their size distribution. The volume fraction and 
grain size statistics of each mineral component is evaluated and used to 
distribute random grain seeds within the PFC model, as shown in Fig. 3 
(a). The diameters of grain seeds are defined by the average grain sizes 
according to their mineral types. This standard procedure is executed by 
using the FISH tank package fistpkg26 provided by Potyondy.28 A minor 
modification is added before the final stage to eliminate floating parti
cles.29 After the distribution of grain seeds, the information including 
position and size of grain seeds is exported to a file. 

Step 2. Numerical Specimen Generation. 
A numerical specimen is generated, composed of small particles as 

components for the evolving clusters, as shown in Fig. 3(b). These small 
particles represent sub-grains within the mineral grains that will develop 
with their size limited by the minimum size of the mineral grains. The 
contact properties between small particles are initially set to one mineral 
material, which is the hardest mineral in the rock (as indexed by the 
larger effective). 

Step 3. Grain Cluster Masking and Growth. 
An information file containing the position and size of grain seeds is 

imported and grain clusters are masked in the numerical sample. The 
grain clusters are ellipsoidal,16 with the direction of the long axis 
expressed as a dip direction θz and dip angle θy, as shown in Fig. 4. The 
other two short axes are considered of equivalent length with the vol
ume equivalent to the volume of the original sphere (grain seed). 

The ellipsoid is defined through a rotational coordinate system. For 
example, the center of an ellipsoid is located at (x0, y0, z0), and the 
rotation angles around the x-, y- and z-axes are θx, θy and θz, respectively. 
The rotational matrixes Rx, Ry and Rz are expressed as 

Rx =

⎛

⎝
1 0 0
0 cos(θx) − sin(θx)

0 sin(θx) cos(θx)

⎞

⎠,

Ry =

⎛

⎝
cos

(
θy
)

0 sin
(
θy
)

0 1 0
− sin

(
θy
)

0 cos
(
θy
)

⎞

⎠,

Rz =

⎛

⎝
cos(θz) − sin(θz) 0
sin(θz) cos(θz) 0
0 0 1

⎞

⎠

(3) 

A point (x, y, z) is defined on the ellipsoid, and the corresponding 
coordinates in the rotated system are (x’, y’, z’), thus the coordinate 
transformation can be expressed as 
⎛

⎝
x′

y′

z
′

⎞

⎠=RzRy

⎛

⎝
x − x0
y − y0
z − z0

⎞

⎠ (4) 

Fig. 4. Procedure of coordinate system translation: (a) Original coordinate system; (b) Rotation around the z-axis with rotational angle θz defining the dip direction 
of the ellipsoid; (c) Rotation around the y-axis, the rotational angle θy is also the dip angle of the ellipsoid; (d) Translation from the origin O to origin O’. 

X. Zhao et al.                                                                                                                                                                                                                                    



International Journal of Rock Mechanics and Mining Sciences 148 (2021) 104971

5

If the radii of the ellipsoid are a, b and c, the coordinates (x’, y’, z’) 
must satisfy Eq. (5). The radius of the original particle is R, and the 
reduced radius ratio of the short axis is λ, thus 

(x′

a

)2
+
(y′

b

)2
+
(z′

c

)2
= 1

with ​ a = λ2R, ​ b = c = λ− 1R
(5) 

The aspect ratio (AR) between the long and short axes is used as an 
index of grain anisotropy, defined as below 30 

AR = a
/

b = λ2/λ− 1 = λ3

So, ​ λ = (AR)1/3 (6) 

However, gaps will exist between the grain clusters so some particles 
are not grouped to any grain clusters - identified as “gap balls”, as shown 
in Fig. 3(c). A concept of “Grain Growth” is introduced.17 The grain 
clusters grow along the contacts of their boundary. Once a particle 
belonging to a grain cluster contacts a gap ball, that automatically de
fines the boundary of a grain cluster, and this is then referenced as a 
“boundary ball”, as shown in Fig. 3(d). The gap ball will be assigned the 
same group name as that of the boundary ball and the grain boundary 
will therefore extend. This growth step is executed several times until all 
particles belong to grain clusters, as shown in Fig. 3(e). 

Step 4. Contact Grouping and Materials Assignment. 
After the generation of the rock specimen containing grain clusters, 

contacts are grouped to assign the mechanical properties of various 
minerals. The rule for a contact group is based on the group names of 
particles at the end of a contact. According to the kinds of minerals (S), 
the total number of contact groups is S(S+1)/2 . 

It is determined whether the material group names of two particles at 
the ends of the contact are the same or not, as shown in Fig. 3(f). Once 
the material group names are different, the contact is in the grain 
boundaries of various materials. When the material group names are the 
same, the contact is determined whether the particle group names 
inherited from the IDs of grain seeds are the same (intragrain) or not 
(grain boundary). Material properties are assigned at the contact ac
cording to the contact group name. 

As mentioned earlier, the proposed GTM is a combination of the 
LPBM and FJM. FJMs are directly assigned with the material properties. 
LPBMs are assigned with the mechanical properties according to the 
material group names of particles associated with them. 

2.4. Multiple material interactions 

The interactions of multiple materials are considered by taking the 
harmonic mean of the contacting materials (see Appendix). The prop
erties on the grain boundaries are weaker than those in the grains with 
this achieved by multiplying by an attenuation coefficient as 

Ec = αE
2E1E2

E1 + E2
, ​ Eb = αE

2Eb,1Eb,2

Eb,1 + Eb,2
,

kc = αk
k1E2 + k2E1

E1 + E2
, ​ kb = αk

kb,1Ep
2 + kb,2Eb,1

Eb,1 + Eb,2
,

μc = min(μ1, μ2)

(7)  

where Ec, kc, μc, Eb, kb are effective modulus, normal to shear stiffness 
ratio, friction coefficient, bonded modulus and bonded stiffness ratio of 
the contact, respectively; Ei, ki, μi, Eb,i, kb,i(i= 1, 2) are effective 
modulus, normal to shear stiffness ratio, friction coefficient, bonded 
modulus and bonded stiffness ratio of ball 1 or 2 contacted in the con
tact, respectively; αE and αk are the attenuation coefficients of effective 
modulus and normal to shear stiffness ratio, respectively. 

The strengths of bonded segments are also reduced by the mean 
values of the two contacting materials and multiplied by the attenuation 
coefficients as 

Cb =
1
2
αc(C1 + C2), ​

φb =
1
2
αφ(φ1 + φ2), ​

σt,b =
1
2

αt
(
σt,1 + σt,2

)

(8)  

where Cb,φb, σt,b are cohesive strength, internal frictional angle and 
tensile strength of the contact, respectively; Ci,φi, σt,i(i= 1,2) are 
cohesive strength, internal frictional angle and tensile strength of ball 1 
or 2 contacted in the contact, respectively; αC, αφ, and αt are the 
attenuation coefficients of cohesive strength, internal frictional angle 
and tensile strength, respectively. 

All the related property parameters are summarized in Table 1. 
Those can be classified into four groups, namely: random grain seed, 
sub-grain, material and material-interaction groups. Parameters in 
random grain seed groups are used to generate the random position and 
size of grain seeds. Sub-grain groups contain all parameters to generate 
the numerical specimen and specify the grain clusters. Material groups 
define the micro-mechanical properties of each mineral and material- 
interaction groups determine the micro-mechanical properties at grain 
boundaries. 

3. Parameter Calibration for Lac du Bonnet granite 

Lac du Bonnet (LdB) granite is a suitable material to apply the GTM 
since it is typically a medium to coarsely grained crystalline rock and a 
wealth of classical laboratory and in situ test data are available31–33 

Table 1 
Input parameters and descriptions for the GTM.  

Group classification Microscale parameters Symbol 
(units) 

Random grain seed 
group 

Number of minerals Nm 

Proportion of minerals Cm (%) 
Minimum particle diameter of minerals Dmin (mm) 
Maximum particle diameter of minerals Dmax (mm) 

Sub-grain group Aspect ratio λ 
Dip direction of sub-grain θz 

Dip angle of sub-grain θy 

Minimum particle radius of sub-grain Rmin (mm) 
Ratio of particle radius of sub-grain Rmax/Rmin 

Modulus of sub-grain E* (GPa) 
Stiffness ratio of sub-grain k* 

Material group Effective density of material ρ (kg/m3) 
Effective modulus of material Ec (GPa) 
Normal to shear stiffness ratio of material kc 

Friction coefficient of material μc 

Bonded effective modulus of material Eb (GPa) 
Bonded normal to shear stiffness ratio of 
material 

kb 

Bonded tensile strength of material σt,b (MPa) 
Bonded cohesion of material Cb (MPa) 
Friction angle of material φb (◦) 

Material-interaction 
group 

Modulus coefficient αE 

Normal to shear stiffness ratio αk 

Friction coefficient αμ 
Tensile strength coefficient αt 

Cohesion coefficient αC 

Friction angle coefficient αφ  

Table 2 
Physical and macro-mechanical parameters for LdB granite.  

Density 
ρ (kg/m3) 

Young’s modulus 
E (GPa) 

Poisson’s ratio v Friction coefficient μ 

2640 69–71 0.26 0.6 
UCS 

σc (MPa) 
TS σt,(MPa) Material parameter m  

200 ~ 228 9.3–13.4 28–34   
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including that used to calibrate and validate DEM models.3,14,17,27,34 

LdB granite is a brittle rock comprising four main minerals: alkali feld
spar (48%), plagioclase (17%), quartz (29%), and mica (6%, mainly 
biotite), with mean grain diameters of each mineral as 4, 4, 2, and 1 mm, 
respectively.33 A series of laboratory and in situ experiments have been 
conducted by Martin,31 with the physical and macro-mechanical pa
rameters of the granite summarized in Table 2. 

3.1. Modeling LdB granite 

For computational efficiency, the GBM cannot adopt the standard 
experimental size of the physical rock specimens (100 mm (height) and 
50 mm (width)), but instead adopts a reduced size.8 The reduced model 
size does not have a significant effect on the measured strength nor the 
relative numbers of each crack type, effectively only changing the total 
number of cracks.13 Thus, we select the size of the numerical specimen 
as 50 mm (height) by 25 mm (width). The diameters of the mineral grain 
seeds are alkali feldspar (3–4 mm), plagioclase (2–6 mm), quartz (2–3 
mm), and biotite (2 mm). The minimum particle size of the numerical 
specimen is determined by the minimum grain diameter of the seed - a 
value of 0.7 mm may be appropriate with a ratio of maximum to mini
mum particle size of 1.66. Based on the above, the number of particles 
comprising the numerical specimen is 36,528. A numerical uniaxial 
compression test executed on a CPU i7-10700 (4.6 GHz turbo boost of all 
cores) lasts more than 20 h. 

Aspect ratio has a significant effect on the macroscopic strength of 
rock,35 as noted by He, et al.36 Due to the various physical cleavage 
structures of minerals, the characteristic aspect ratios of alkali feldspar, 
quartz and biotite are different. Plagioclase is similar to alkali feldspar,37 

and the aspect ratios of various minerals in granites are generally of the 
order: plagioclase/alkali feldspar 1.4–1.938, biotite 1.7–2.138, and 
quartz 2–4.39The average aspect ratio of grains is always used to eval
uate the gain shape. The average aspect ratio of granite is 1–2.5.40 

Initially, the average aspect ratio of GTM is set to be 1.0, and the gain 
shape is assumed to be spherical (the only condition can be considered in 
GBMs). The generation procedure for the LdB granite GTM is presented 
in Section 2 and shown schematically in Fig. 5. 

3.2. Parameter calibration 

Calibration procedures for the GTM are similar to the methods rec
ommended by Zhou, et al.12 There are two stages in the calibration 
procedure: (i) calibration of the FJM parameters for the material group 
followed by (ii) calibration of grain boundary parameters for the 
material-interaction group. 

Stage 1: Calibration of the FJM parameters for the material group. 
The calibration models for the material group are built based on the 

size of the numerical specimen. Three key macro-mechanical parame
ters are chosen to be the calibration targets - these are Young’s modulus 
(E), uniaxial compressive strength UCS (σc), and tensile strength TS 
(σt).12 

Firstly, the Young’s modulus (E) and Poisson’s ratio (v) are calibrated 
by setting large strengths.24 Poisson’s ratio is mainly determined by the 
selection of the normal-to-shear stiffness ratio (kc), and here kc of each 
mineral is set to be 1.6, 1.6, 1.0 and 2.0 according to the lateral defor
mation of alkali feldspar, plagioclase, quartz, and biotite, 
respectively.5,8,10,42 Young’s modulus is mainly determined by the 
combined action of the linear elastic modulus and the bonded elastic 
modulus. 

Secondly, the macroscale tensile strength is calibrated by tuning the 
bonded tensile strength of the FJM.27 The macroscale tensile strength is 
less related to either the bonded cohesive strength and bonded frictional 
angle, but the bonded tensile strength has a significant influence on UCS. 

Finally, UCS is calibrated by adjusting bonded cohesive strength of 
the FJM while the bonded frictional angle is initially set to be 0◦. The 
bonded friction angle has little effect on the UCS and is mainly related to 
the confined strength, hence it is calibrated by the results of the confined 
compression tests. 

Stage 2: Calibration of grain boundary parameters for material- 
interaction group. 

The GTM is calibrated in this stage and all parameters of the 
material-interaction group are initially set to be unity. The macro- 
mechanical parameters of the LdB granite, including E, v, σc, σt and 
Hoek-Brown model parameter m, are used to calibrate the attenuation 
coefficients of the grain boundary. Although the calibration procedure is 
a trial-and-error process,8,12 several empirical relations are observed 
and utilized: 

Fig. 5. Generation procedures for fabrication of LdB granite grain texture model (GTM): (a) Granite (modified from Nicco, et al.41); (b) Distribution of random seeds; 
(c) Core specimen containing random seeds; (d) Numerical Specimen; (e) Grain clusters and gap balls (white balls); (f) Grain growth and grain boundary formation; 
(g) Distribution of contact groups where ‘GB’ represents a grain boundary contact and ‘GI’ represents intragranular contacts; (h) Distribution of contact model, the 
green is the linear parallel bonded model (LPBM) and the blue is the flat joint model (FJM). (For interpretation of the references to color in this figure legend, the 
reader is referred to the Web version of this article.) 
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1. Poisson’s ratio (v) of the LdB granite is mainly calibrated by the 
values of αk. The normal and lateral stiffnesses at the grain bound
aries are smaller than those intra-grain, thus αE is reduced from 1 and 
αk should be greater than 1.  

2. Tensile strength TS (σt) of the LdB granite is calibrated by tuning the 
value of αt to the results of the direct tension test.  

3. Unconfined compressive strength UCS (σc) is controlled by the values 
of αC and αφ. The Hoek-Brown model parameter m is mainly related 
to the value of αφ. 

3.3. Calibration results 

The physical and macro-mechanical properties of minerals are 
defined elsewhere43–47 and are compiled by Li, et al.10 and Zhou, et al.12 

Table 3 
Physical and calibrated macroscopic properties of four minerals in granitic rock.  

Properties Minerals 

Plagioclase Alkali 
feldspar 

Quartz Biotite 

Density (kg/m3)12 2600 2600 2650 2850 
Young’s modulus E 

(GPa)13,47 
60–95 50–80 65–109 35–180 

(Calibrated E) (78.5) (71.5) (96.9) (50.9) 
TS σt (MPa)13 35 11–35 30–50 5–40 
(Calibrated σt) (35.3) (27.4) (46.1) (16.5) 
UCS σc (MPa)10,12 180–450 180–450 200–700 80–260 
(Calibrated σc) (254.6) (233.4) (418) (122.2) 
Calibrated m 20 20 25 15  

Fig. 6. Peak stresses (σ1) in compression tests with various confining pressures (σ3) for four major minerals (dashed lines are the fitted Hoek-Brown failure curves). 
(For interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 7. Grain texture models (GTM) simulated for: (a) compression tests, and (b) direct tension tests (the thicknesseses of the top and bottom discs in the direct 
tension tests are 2.5 mm), and (c) axial-diametral cross section. 
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The physical macro-mechanical properties of minerals are listed in 
Table 3. A small model is generated for the first calibration stage,12 

which is assembled from approximately 2000 particles with minimum 
radii of 0.7 mm and a particle size ratio of 1.66. The size of the small 
model is scaled down in the same proportion to the numerical specimen, 
which is 20 mm (height) by 10 mm (width). Here, the FJM is assigned in 
the contact model. The numbers of elements along the radial (Nr) and 
circumferential (Nα) directions are set to be 1 and 3, respectively. The 
initial surface gap is set to 0.0, denoting that a contact will be built only 
if two particles just touch each other. Compression and direct tension 
numerical tests are employed to calibrate the macro mechanical be
haviors of all minerals, and the results are listed in Table 3 and Fig. 6. 
The calibrated results of four major minerals in the granite during the 
first stage are within the range mentioned in previous literature.31–33 

After the material properties of all minerals are calibrated, a GTM is 
generated and used to calibrate grain boundary parameters. Models for 
both compression and direct tension numerical tests are shown in Fig. 7 
(a) and (b), with a longitudinal cross section selected through the center 
of the specimen (see Fig. 7(c)). The microscale properties of the grain 
boundaries are listed in Table 4. The top and bottom material groups 
shown in Fig. 7(b) belong to a different material group from the cylin
drical sample, and there are no changes of contact properties in these 
groups. 

The stress-strain curve under uniaxial compression is shown in Fig. 8. 
This includes32 four stages of the stress-strain curve pre-peak strength 
representing successive stages of, crack closure, an elastic region, stable 
crack growth, and unstable crack growth. The crack closure stage is 

Table 4 
Microscopic properties of four minerals and their grain boundaries.  

Microscale parameters Values 

Plagioclase Alkali feldspar Quartz Biotite 

Cm (%) 17 48 29 6 
Dmin (mm) 2 3 2 2 
Dmax (mm) 6 4 3 2 
ρ (kg/m3) 2600 2600 2650 2850 
Ec (GPa) 55 48 58 40 
kc 1.6 1.6 1.0 2.0 
μc 0.6 0.6 0.6 0.6 
Eb (GPa) 55 48 58 40 
kb 1.6 1.6 1.0 2.0 
σt,b (MPa) 50 40 58 26 
Cb (MPa) 174 188 292 90 
φb (◦) 50 50 60 40 
Nm 4    
Λ 1.0    
θz 0◦

θy 0◦

Rmin (mm) 0.35    
Rmax/Rmin 1.66    
E* (GPa) 58    
k* 1.0    
αE 0.9    
αk 2.0    
αμ 1.0    
αt 0.25    
αC 0.7    
αφ 1.0     

Fig. 8. Variation of axial stress, axial stiffness, the cumulative number of various crack types (log axis) and volumetric strain vs. axial strain or lateral strain of the 
grain texture model tested under uniaxial compression. These data are compared with the experimental data reported by Martin and Chandler.32 Crack-initiation 
stress (σci) and crack-damage stress (σcd) occur at 34% and 80% of peak strength (σpk). 
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related to closure of the initial cracks and gaps, which are present in the 
experiment but not represented in the numerical model. Crack-initiation 
stress (σci), crack-damage stress (σcd), and peak strength (σpk) are how
ever three characteristic stress levels observed in the stress-strain curve. 

The crack-initiation stress is the demarcation point between the 
elastic region and stable crack growth stage, where the lateral strain 
curve becomes nonlinear48 and the axial stiffness curve begins to fluc
tuate.15 Axial stiffness is defined as: 

ΔE =
σa − σ0

εa − ε0
(9)  

where, ΔE is axial stiffness; σa and εa are respectively the instantaneous 
axial stress and strain; and σ0 and ε0 are respectively the initial axial 
stress and strain. From Fig. 8, we observe that the initial point of the 
axial stiffness curve fluctuates at ~0.1% of axial strain, and the corre
sponding axial stress (71.1 MPa) in the stress-strain curve is the crack- 
initiation stress. The axial stiffness is of the order of 70 GPa and is 

equivalent to the macroscopic Young’s modulus. 
The crack-damage stress represents the onset of unstable crack 

growth, as noted by Bieniawski.49 As shown in Fig. 8, the crack-damage 
stress is identified at the peak in the volumetric strain,50 indicating the 
initiation of dilation.15 The magnitude of the crack-damage stress is 164 
MPa and the corresponding axial strain is 0.25%. 

Peak strength at uniaxial compression (UCS) is represented by the 
apex of the stress-strain curve at 206.8 MPa. Thus, the numerical crack- 
initiation stress and crack-damage stress are respectively 34% and 80% 
of the UCS and compare to ~40% and ~80% in the laboratory experi
ments.32 From Fig. 8, the three characteristic stress levels in the simu
lated results are similar to those in the experimental data, although the 
magnitudes of axial strain differ. This may result from ignoring the 
presence of initial cracks and gaps in the numerical results. 

Fig. 9 shows the crack distributions at stages of crack-initiation, 
crack-damage and at post peak strength in the numerical uniaxial 
compression test. For crack-initiation results from stable tensile 

Fig. 9. Crack distributions at various stages during a uniaxial compressive test as documented in the stress-strain curve of Fig. 8: (a) Stable crack growth stage; (b) 
Crack-damage stress; (c) Unstable crack growth stage; (d) Post peak; (e) End of loading. 
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cracking,32 numerical results show that tensile cracks mainly occur at 
the grain boundaries between alkali feldspar (light yellow grains) and 
other minerals and are distributed randomly throughout the numerical 
specimen (see Fig. 9 (a)). In the stable crack growth stage, tensile cracks 
grow rapidly both inside grains and at grain boundaries until the 
crack-damage stress is reached (see Fig. 9 (b)). In particular, tensile 
cracks at the grain boundaries between alkali feldspar (light yellow 
grains) and quartz (light grey grains) develop rapidly with intra-grain 
tensile cracks occurring mainly inside the alkali feldspars (light yellow 
grains). Since sliding cracks are related to the crack-damage stress,32 

shear cracks within grains increase during unstable crack growth and 
ultimately traverse the full grain (see Fig. 9 (c)) - mainly occurring inside 

the alkali feldspars (light yellow grains) and plagioclase (dark yellow 
grains) with relatively fewer inside the quartz (light grey grains). Shear 
cracks at grain boundaries begin to propagate post-peak (see Fig. 9 (d)), 
mainly occurring at the boundaries between quartz/biotite (light/dark 
grey grains) and other minerals. At the end of loading (80% of UCS), 
more intragrain traversing cracks propagate due to the rapid increase in 
length of shear cracks (see Fig. 9 (e)). 

Peak strength is enhanced with an increase in confining pressure (see 
Fig. 10). Crack-initiation stresses under various confining pressures are 
represented by fluctuations in the axial stiffness vs. axial strain curves in 
the partially augmented figure (see the right part of Fig. 10). The crack- 
initiation stresses under various confining pressures are limited to 

Fig. 10. Variation of axial stress vs. axial strain curves for compessive testing under various confining pressures in the left-hand-figure. Behavior at small strains 
noted for the dashed box of the left-hand-figure recorded at the bottom of the right-hand-figure, with axial stiffness vs. axial strain noted at the top of the right- 
hand-figure. 

Fig. 11. Comparisons among unconfined, confined 
peak and crack-initiation strengths together with 
direct tensile strengths obtained from grain texture 
(GTM) and flat joint models (FJM)27 and representing 
both numerical simulations and laboratory tests.31 

Fitted Hoek-Brown failure envelopes of peak strength 
(σpk), crack-damage stress (σcd), and crack-initiation 
stresses (σci) are shown. (For interpretation of the 
references to color in this figure legend, the reader is 
referred to the Web version of this article.)   
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Fig. 12. Crack distributions and statistics in the post peak strength stage under various confining pressures: (a) Distribution of cracks; (b) Comparison of number and 
proportion of cracks over five categories. 
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Fig. 13. Grain clusters (ID 3770) for various grain aspect ratios (number of particles shown in brackets with red dashed lines representing the long axis of the 
clusters, and gold dashed lines representing the short axis). (For interpretation of the references to color in this figure legend, the reader is referred to the Web version 
of this article.) 

Fig. 14. Simulated results with various grain aspect ratios: (a) Variation of axial stress vs. axial strain, lateral strain or volumetric strain curves for the unaxial 
compression tests; (b) Variation of axial stress vs. axial strain under direct tension tests; (c) Comparison of UCS, TS and the UCS/TS ratio. 
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<0.1% axial strain, and their fitted curve is linear. 
The Hoek-Brown strength criterion has been widely used to describe 

peak strengths under various confining stresses. Martin31 investigated 
the peak strengths of LdB granite and fitted Hoek-Brown failure enve
lopes using the parameters: σc = 210 MPa, m = 28.9 and s = 1. The 
Hoek-Brown (HB) strength criterion is defined as follows25 

σ1 = σ3 + σc

(

m
σ3

σc
+ s

)0.5

(10)  

where, σc is UCS and m and s are intrinsic material parameters repre
senting the structure of the rock mass. 

The fitted HB failure envelopes for peak strength (σpk), crack-damage 
stress (σcd), and crack-initiation stress (σci) from the simulation are 
shown in Fig. 11, and compared with both laboratory31 and FJM 
simulation results.27 The Hoek-Brown strength criterion fitted by the 
GTM results are 

σc = 206 ​ MPa, ​ m = 29, ​ s = 1.0, ​ for ​ σpk
σc = 206 ​ MPa, ​ m = 16, ​ s = 0.6, ​ for ​ σcd
71.1 ​ MPa + 1.1σ3, ​ for ​ σci

(11) 

A crack initiation relation relevant for brittle rock has been defined 
by Diederichs, et al.,50,51 as 

Fig. 15. Crack distributions and statistics after uniaxial compressive tests for cases with various grain aspect ratios: (a) Distribution of cracks; (b) Comparison of 
number of cracks. 
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σci =(0.3 ∼ 0.5)σc + (1 ∼ 1.5)σ3 (12) 

In this work, the GTM simulated results for crack-initiation stresses 
can be expressed as 

σci = 0.34σc + 1.1σ3 (13) 

Hence, the crack initiation law simulated by the GTM results is 
within the range observed by Diederichs, et al.50,51 

For σpk, the GTM results are similar to the FJM results and both are 
close to the laboratory measurements. However, the crack-initiation 
stresses from the GTM results better approximate the laboratory data 
compared to the FJM results. Thus, the GTM results have successfully 
captured the characteristics of both crack-initiation and the peak 
strength failure curves. 

With an increase in confining stress, the total number of cracks in
creases, especially for the intra-grain shear cracks (see Fig. 12(a)). Zhou, 
et al.12 argued that confining pressure modulates the timing of initiation 
of the various crack types together with their proportion. From the 
number statistics of the various types of cracks shown in Fig. 12(b), it is 
apparent that the number of tensile cracks remains approximately 
constant over the range of confining stresses, but the number and pro
portion of shear cracks increase. The distribution of cracks (Fig. 12) 
indicate the enhancement in the shearing effect under increasing 
confining stress. 

In summary, the Young’s modulus, Poisson’s ratio, Hoek-Brown 
parameter m, UCS and TS of the LdB granite calibrated for the second 
stage are 69.8 GPa, 0.18, 29, 206.8 MPa and 9.8 MPa, respectively. 
These compare favorably with the results of physical experiments listed 
in Table 2 - effectively replicating the observed macroscale mechanical 
behavior of the LdB granite. 

4. Influence of grain shape and orientation 

Grain shape and orientation are defined in this study by controlling 
the aspect ratio, dip orientation (azimuth) and dip angle of the particles. 
When the aspect ratio is greater than 1.0 the grain clusters become non- 
spherical and produce geometric anisotropy. The dip direction and dip 
angle of the long axis of the grain clusters define the orientation of this 
induced anisotropy. In this study both dip direction and dip angle of all 
grain clusters are assumed uniform. Uniaxial compression tests and 
direct tension tests are designed to study the change in the ratio of UCS 
to TS for these different cases. 

4.1. Aspect ratio 

An aspect ratio of 1 is the default for the GTM with magnitudes of 2 
and 3 chosen for comparison since the average aspect ratio is 1–2.5 for 
granite.40 As the aspect ratio increases from 1 to 3, representative grain 

clusters (group ID 3770) are shown in Fig. 13 with dip direction and dip 
angle of the long axis identically set to 0◦. 

The stress-strain response under uniaxial compression for the three 
GTMs with various aspect ratios are presented in Fig. 14(a). The 
respective UCS magnitudes for the various aspect ratios (1, 2 and 3) are 
206.8 MPa, 201.3 MPa and 198.4 MPa and the respective values for 
corresponding crack-initiation stresses, defined for an axial strain of 
0.1%, are 71.1 MPa, 69.9 MPa and 68.9 MPa. All the GTMs exhibit 
similar elastic deformation before reaching the crack-initiation stress. 
From the crack-initiation stress to peak strength, the lateral strain curves 
diverge among specimens which are ultimately associated with a spec
trum of peak strengths. The results of the direct tension tests are pre
sented in Fig. 14(b), and the respective tensile strength (TS) magnitudes 
are 9.8 MPa, 9.4 MPa and 9.1 MPa for aspect ratios of 1–3. Fig. 14(c) 
shows that when aspect ratio increases from 1 to 3 the UCS and TS are 
both reduced, but the ratio of UCS to TS increases slightly. The 
increasing UCS/TS ratio indicates that the aspect ratio has a greater 
effect on tensile strength than shear strength in GTMs. 

Regardless of the distribution of grain clusters, the failure modes of 
the three groups for different aspect ratios are similar (see Fig. 15 (a)). 
Comparing the number of various crack types (Fig. 15(b)) shows that the 
number increases with an increase in aspect ratio, for all crack types, but 
especially for tensile cracks both inside the grain and at the grain 
boundary. For shear cracks, the number of intra-grain cracks changes 
only slightly with aspect ratio whereas the number of inter-grain cracks 
is sensitive to this. 

4.2. Dip angle 

We examine the sensitivity to orientation of the minerals by retaining 
the dip direction at 0◦ but increasing the dip angle from 0◦ to 90◦ in 
intervals of 15◦. Representative grain clusters with various dip angles 
are shown in Fig. 16 for an aspect ratio of 2. 

The change in dip angle exerts little influence on failure mode (see 
Fig. 17(a)) but changes the number of various crack types (see Fig. 17 
(b)) and the strengths for both UCS and TS loading experiments (see 
Fig. 17(c)) with the GTMs. With an increase in dip angle from 0◦ to 90◦, 
the number of intra-grain cracks trends to reduce while the number of 
inter-grain tensile cracks continues to increase. UCS increases with an 
increase in dip angle with a dip of 0◦ being weaker than the other cases. 
TS increases dramatically with an increase in dip angle, resulting in a 
reduction in the UCS/TS ratio from 21 to 17. This indicates that grain 
orientation has a significant influence on the micromechanical behavior. 

5. Discussion 

The change in grain shape from spherical to ellipsoidal exerts a 

Fig. 16. Grain clusters (ID 3770) with various dip angles (number of particles in brackets, long axis as red line and dashed line representing the horizontal). (For 
interpretation of the references to color in this figure legend, the reader is referred to the Web version of this article.) 
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Fig. 17. Simulated results for various dip angles of the grain clusters: (a) Distribution of cracks; (b) Comparison of number of cracks; (c) Comparison of UCS, TS and 
the UCS/TS ratio. 
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significant influence on the macro-mechanical properties of the GTM. 
Previous studies9,12,13 considered only a change in the proportion of 
mineral groups but the proportion of contact groups is not discussed. We 
define the statistics of the change in the proportion of mineral groups 
and contact groups used in Section 4 as shown in Fig. 18. 

Fig. 18 shows that a change in aspect ratio exerts only a small in
fluence on the proportion of mineral groups during the discretization 
process, but the proportion of inter-grain contacts increases from 55% to 
60% as the aspect ratio transits from 1 to 3. The reason for this is 
apparent from Eq. (5) (see Section 2.3). The volume of the substituted 
ellipsoid (Ved) is equal to the volume of the original sphere (Vsp), 
although the surface area of the ellipsoid (Aed) is not equal to the surface 
area of the sphere (Asp), as follows 

For ​ a ​ = ​ λ2R, ​ b = c = λ− 1R,

Vsp =
4
3

πR3, ​ Ved =
4
3

πabc, ​ Vsp = Ved

Asp = 4πR2, ​ Aed =
4
3

π(ab + bc + ac), ​ Aed =

(
2
3

λ +
1
3

λ− 2
)

Asp

(14) 

Thus, when λ > 1, Asp < Aed and Aed increases with an increase in λ, 
which in-turn leads to an increase in inter-grain contacts. Since the inter- 
grain contacts are weaker than the intra-grain contacts, the UCS and TS 
(Section 4.1) reduce with an increase in the aspect ratio. In contrast, a 
change in dip angle does not change the proportion of either the mineral 
groups or the contact groups (the right part in Fig. 18). However, dip 
angle does have a significant influence on the number of inter-grain 
tensile cracks and the resulting UCS/TS ratio, indicating the signifi
cant control of the grain texture. 

6. Conclusions 

For textured crystalline rocks, grain size, shape, and orientation exert 
an important influence on micro-mechanical response. Conventional 
grain-based models (GBMs) typically only account for grain size and 
dismiss the role of grain aspect ratio and orientation that contribute to 
overall anisotropy of the rock as unimportant. Conversely, we employ 
clumped grain models to study the effect of grain shape and orientation 
and distinguish between inter-grain and intra-grain failure modes in 
crystalline rock. Such grain texture models (GTMs) provide insight into 
the evolution of damage in and around real mineral grains by producing 
random-irregular forms representative of real mineral grains. Hence, the 

presented GTMs combine the advantages of GBMs and clumped particle 
methods and overcome their principal limitations. 

A detailed calibration procedure of the GTM is completed and direct 
tension, uniaxial, and triaxial compression tests are completed on the 
numerical specimens. The evolution of crack damage formation and 
propagation observed within the numerical specimen during loading is 
similar to observations in real samples.31 With an increase in confining 
stress, the failure mode transitions from axial splitting to predominantly 
shear failure. The fitted Hoek-Brown strength envelopes for peak 
strength and crack-initiation stresses are also consistent with the phys
ical experiments. The fitted crack-initiation stresses are more closely 
matched than those simulated using flat joint models (FJMs), alone. This 
is the first time that a 3D DEM model based on grain texture has been 
shown to capture the major macro-mechanical characteristics of 
textured rock inclusive of matching the UCS/TS ratio, failure process, 
nonlinear strength envelope and failure mode. 

The influence of grain shape and orientation on strength and 
deformability is evaluated for grains of various aspect ratios and for 
different dip angles of these grains. An increase in aspect ratio both 
decreases UCS and TS but slightly increase the UCS/TS ratio. An increase 
in dip angle from 0◦ to 90◦ increases TS dramatically and decreases the 
UCS/TS ratio from 21 to 17. By analyzing the proportion of mineral 
groups and contact groups, we find that an increase in grain aspect ratio 
increases the proportion of inter-grain contacts. In contrast, the change 
in dip angle has little influence on the proportion of either the mineral 
groups or the contact groups, but exerts a significant influence on the 
number of inter-grain tensile cracks and the resulting UCS/TS ratio. 
Thus, we conclude that grain anisotropy texture exerts a significant 
control on the macro-mechanical behavior of rock. 
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Fig. 18. Proportion of various minerals and contact types for grain texture models (GTMs) in the cases of various aspect ratios and dip angles.  
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Appendix A

Fig. A1. Relation between normal stiffness and normal particle stiffnesses for the linear model (x1, x2 and xc are the locations of the center points of particles 1, 2 and 
the particle-particle contact, respectively). 

In previous studies, the elastic parameters of the contact are calculated by the normal and shear stiffnesses of the connected particles. However, the 
contact stiffness is not truly independent of particle size. We define new formulae to evaluate the elastic parameters from the elastic modulus of the 
aggregate materials and present the derivation in Eq. (7). 

In granular mechanics codes, for particle-particle contacts, the elastic modulus, normal and shear stiffnesses, and normal to shear stiffness ratio are 
Ec, kn, ks, kc, respectively. The radius, normal and shear particle stiffnesses of the contacting particle are Ri, kn

i, ks
i, where i is the particle index with 

values of 1 or 2. 
The relationship between normal stiffness and elastic modulus is as shown in Fig. A1 and Eq. (A1) 52: 

kn =
AEc

L
, ​ ks =

kn

kc

with ​ A = πr2 ​ (3D), ​

r =

{
min

(
R1, ​ R2), ​ for ​ contact

Ri, ​ for ​ particle
,

L =

{
R1 + ​ R2, ​ for ​ contact

Ri, ​ for ​ particle
. ​

(A1)  

where, A, r and L are area, average radius and length of the contact or particle, respectively. The contact stiffness is inherited from the particle 
stiffnesses as52 

1
kn =

1
k1

n
+

1
k2

n

1
ks =

1
k1

s
+

1
k2

s

(A2) 

Next, we substitute Eq. (A1) into Eq. (A2): 

R1 + R2

πr2Ec
=

R1

π
(
R1)2E1

+
R2

π
(
R2)2E2

R1 + R2

πr2Ec
kc =

R1

π
(
R1)2E1

k1 +
R2

π
(
R2)2E2

k2

(A3) 

Thus, we obtain from Eq. (A3): 
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Ec =
R1 + R2

r2
R1R2E1E2

R2E1 + R1E2

kc =
r2Ec

(
R1 + R2)

(
1

R1E1
k1 +

1
R2E2

k2

) (A4) 

Since the elastic modulus is independent of particle size then Eq. (A2) should be exact in the case that R1 = R2. Thus, we obtain a general solution 
from Eq. (A4) as: 

Ec =
2E1E2

E1 + E2

kc =
k1E2 + k2E1

E1 + E2

(A5) 

Finally, we can verify that Eq. (A5) is correct by assuming contacting particles to belong to the same material, such that E1 = E2, k1 = k2. Then, Ec =

E1 = E2, kc = k1 = k2. 
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