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A B S T R A C T

The residual opening of fluid-driven fractures is conditioned by proppant distribution and has a significant impact
on fracture conductivity - a key parameter to determine fluid production rate and well performance. A 2D model
follows the evolution of the residual aperture profile and conductivity of fractures partially/fully filled with
proppant packs. The model accommodates the mechanical response of proppant packs in response to closure of
arbitrarily rough fractures and the evolution of proppant embedment. The numerical model is validated against
existing models and an analytic solution. Proppant may accumulate in a bank at the fracture base during slick
water fracturing, and as hydraulic pressure is released, an arched zone forms at the top of the proppant bank as a
result of partial closure of the overlaying unpropped fracture. The width and height of the arched zone decreases
as the fluid pressure declines, and is further reduced where low concentrations of proppant fill the fracture or
where the formation is highly compressible. This high-conductivity arch represents a preferential flow channel
and significantly influences the distribution of fluid transport and overall fracture transmissivity. However,
elevated compacting stresses and evolving proppant embedment at the top of the settled proppant bed reduce the
aperture and diminish the effectiveness of this highly-conductive zone, with time. Two-dimensional analyses are
performed on the fractures created by channel fracturing, showing that the open channels formed between
proppant pillars dramatically improve fracture transmissivity if they are maintained throughout the lifetime of the
fracture. However, for a fixed proppant pillar height, a large proppant pillar spacing results in the premature
closure of the flow channels, while a small spacing narrows the existing channels. Such a model provides a
rational means to design optimal distribution of the proppant pillars using deformation moduli of the host to
control pillar deformation and flexural spans of the fracture wall.
1. Introduction

Hydraulic fracturing is widely used for well completions to enhance
hydrocarbon recovery. High-pressure fluid is injected into the well to
initiate and propagate a fluid-driven fracture. At some stage, proppant is
added to the fracturing fluid and the proppant-laden mixture inflates,
drives and then fills the fractures. Once pumping is stopped, fluid pres-
sure decreases and the fractures close under in-situ stresses, trapping the
proppant between the fracture walls. The proppant “props-open” the
fracture to improve fracture conductivity and retain this conductivity as
effective stresses build and compact the proppant pack.

A variety of approaches have been developed to represent the
mechanisms of hydraulic fracturing as a coupled problem of solid me-
chanics (fracture initiation, propagation and inflation) and fluid me-
chanics (fluid flow within fractures and leak-off into formations). The
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solid mechanics aspects of hydraulic fracturing has been comprehen-
sively reviewed by Adachi et al. (2007), Rahman and Rahman (2010),
and Detournay (2016), among others, while reviews of the fluid me-
chanics aspects can be found in Osiptsov (2017). Proppant transport and
placement within hydraulic fractures are controlled by fracture geome-
try, the rheology of the fracturing fluids, pumping schedule, and prop-
pant particle shape, size and density. Extensive work has explored the
complex interactive processes involved in proppant transport and
placement, including those by Kern et al. (1959), Daneshy (1978),
Ouyang et al. (1997) and Dontsov and Peirce (2015).

Conventional fracturing fluids, typified by linear or crosslinked gels,
have high viscosities that enable injected proppant to remain suspended
over extended periods and result in uniform proppant packs (Economides
and Nolte, 2000). Conversely, low viscosity fluids, including common
slick water fracturing (Palisch et al., 2010), result in the proppant settling
th).
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Fig. 2. Cross section of a blade-shaped fracture partially filled with proppant at
the end of pumping (left) and after fracture closure (right).
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from suspension and accumulating in an immobile proppant bed (Wang
et al., 2003) (Fig. 1). The proppant distribution within the fracture ulti-
mately determines the closure behavior of the fracture, and this in turn
has a significant influence on fracture conductivity - a key parameter
controlling well performance. Fractures with a basal proppant bank
exhibit a complex post-closure geometry due to the differential closure of
the propped and unpropped portions (Cleary, 1980). Simple models
(McLennan et al., 2008; Warpinski, 2010) show the formation of a
high-conductivity arch at the top of the proppant bank. The presence and
impact of this high-conductivity arch is generally ignored in most models
(Gu andMohanty, 2014; Shiozawa andMcClure, 2016), but is considered
by some (Cipolla et al., 2009; Liu et al., 2017), suggesting that it may
significantly affect well performance. Recent studies explore the residual
opening of fractures partially filled with proppant packs (Neto and
Kotousov, 2013a; 2013b; Neto et al., 2015; and Khanna et al., 2014),
accommodating KGD type fractures where the proppant pack is distrib-
uted symmetrically about the wellbore (fracture center). Such
semi-analytical approaches define fracture residual opening based on the
Distributed Dislocation Technique. These studies confirm the significant
impact of proppant distribution and its mechanical properties on the
residual fracture profiles and well performance.

Such models typically only consider specific proppant distributions,
assuming complete settling (Warpinski, 2010) or uniform distribution
symmetric about the fracture center (Neto and Kotousov, 2013a, 2013b;
Neto et al., 2015; Khanna et al., 2014). However, proppant placement
within the fracture can be complex and heterogeneous, as modulated by
the roughness and tortuosity of fracture (Vincent, 2012), or as a result of
some unconventional methods of proppant injection such as periodic
injection (Tinsley and Williams, 1975) or channel fracturing (D'Huteau
et al., 2011). In this study, a non-local model of residual opening is
developed based on 2D elasticity using integral equations where the
proppant pack is allowed to have arbitrary distribution and concentra-
tion. The proposed model is capable of accommodating the mechanical
response of proppant packs including the influence of fracture closure on
rough surfaces, and proppant embedment into fracture walls – enabling
the evaluation of fracture conductivity after ultimate fracture closure.
The model is developed, validated and exercised in parametric studies, in
the following and it is utilized to analyze residual aperture profiles and
conductivities with several different proppant distributions.

2. Mathematical formulation

The PKN approximation can be applied for a blade-shaped fracture
penetrating an isotropic, homogenous and linearly elastic formation
(Nordgren, 1972; Perkins and Kern, 1961), as illustrated in Fig. 1. The
Fig. 1. Schematic of proppant transport and placement for slick water frac-
turing. (Cross section A is shown in detail in Fig. 2).
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geometry of the fracture cross section (Fig. 2) may accommodate varied
proppant distributions at the conclusion of pumping. The cross-section of
the elastic fracture is an ellipse of height H and width w0ðzÞ, and may be
only partially filled with proppant. This distribution results from prop-
pant settling or capture and plugging between the rough fracture walls,
defining a proppant volumetric concentration c0ðzÞ that varies in the
z-direction. At the conclusion of the treatment, when pumping stops,
leak-off of the residual fracturing fluid into the surrounding formation
allows the fracture walls to close and to compact the proppant pack.
Compaction of the pack will also be accompanied by proppant embed-
ment into the fracture faces and flexural displacement of the unsupported
spans of the fracture – leaving residual apertures absent proppant
(Warpinski, 2010) (Fig. 2). Note that, although a case with most of the
proppant settled to the bottom is shown in Fig. 2, this proposed model is
applicable for any arbitrary proppant distribution, including the case of
uniform proppant distribution within the fracture and the case where
several isolated proppant banks are formed over the fracture height due
to tortuous fracture walls or channel fracturing.

2.1. Elastic integral equations

Upon the closure of the fracture, ensemble stress applied on the
fracture walls, σnðzÞ, is superposed by far-field stress, σhðzÞ, fluid pressure
within the fracture, pðzÞ, back stress from the proppant pack, σpðzÞ, and
back stress from the fracture asperities, σaðzÞ, as,

σnðzÞ ¼ pðzÞ þ σpðzÞ þ σaðzÞ � σhðzÞ: (1)

For a linear elastic system, the residual opening profile, wðzÞ, and the
ensemble stress applied on the fracture walls in plane strain, σnðzÞ, can be
described by an integral equation

wðzÞ ¼ 4
πE0 ∫

H=2
�H=2σnðsÞGðz; sÞds� 2weðzÞ; (2)

where E0 ¼ E=ð1� ν2Þ is the plane strain Young's modulus, weðzÞ is the
depth of proppant embedment (the factor 2 accounts for the embedment
into both walls of the fracture) and Gðz; sÞ is a singular elastic kernel
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(Tada et al., 2000),

Gðz; sÞ ¼ cosh�1H2 � 4sz
2Hjz� sj ; (3)

describing the fracture aperture at z due to a pair of unit forces applied on
the fracture faces at s. This kernel describes the non-local effect of the
local ensemble normal stress across the height of the fracture. Note that
the integral in Eq. (2) has to be understood in the sense of a Cauchy
principal value.
2.2. Compaction of proppant pack

This study is focused on the fracture closure process, beginning when
the pumping stops. The conditions at the end of the pumping define the
initial conditions for this analysis. A number of numerical studies have
been conducted to simulate proppant transport and placement in terms of
proppant volumetric concentration (Dontsov and Peirce, 2015; Shiozawa
and McClure, 2016; Wang and Elsworth, 2017). Thus, in this analysis, it
is convenient to define the proppant distribution using the distribution of
proppant volumetric concentration. The initial proppant volumetric
concentration is defined as the ratio of proppant volume, VpðzÞ, to initial
fracture volume, Vf ðzÞ, c0ðzÞ ¼ VpðzÞ=Vf ðzÞ. The maximum value of the
initial proppant concentration, cmax, is dependent on the proppant par-
ticle shape and their packing arrangement. This is always less than unity
due to the presence of void spaces. For convenience, a normalized initial
proppant concentration is introduced as c0ðzÞ ¼ c0ðzÞ=cmax, with
0 � c0ðzÞ � 1. Therefore, the initial width of the proppant pack can be
defined as

wp0ðzÞ ¼ w0ðzÞc0ðzÞ; (4)

where w0ðzÞ is the initial fracture width. It is assumed that the proppant
pack is a granular assembly comprising uniform, rigid spheres, and that
the deformation of the proppant pack results from changes in pore vol-
ume. Compressibility of the proppant packs is defined as

cp ¼ � 1
wpðzÞ

∂wpðzÞ
∂σpðzÞ ; (5)

where wpðzÞ < wp0ðzÞ is the width of the compacting proppant pack,
congruent with the fracture width. To simplify the problem, the
compressibility of the proppant pack is assumed to be constant. Inte-
grating Eq. (5) yields the compacting stress applied on the proppant pack
when the equilibrium state is reached as (Shiozawa and McClure, 2016),

σpðzÞ ¼

8><
>:

1
cp
ln

wp0ðzÞ
wðzÞ ; wðzÞ < wp0ðzÞ

0; wðzÞ � wp0ðzÞ
; (6)

providing a linearized dependence of the compacting stress, σpðzÞ, on the
logarithm of the deformation ratio, wp0ðzÞ=wðzÞ. More sophisticated
compaction models can be used at the expense of additional empirical
parameters or coefficients (Neto et al., 2015; Pestana and Whittle, 1995)
and added computational complexity.
Fig. 3. Hertzian contact problem between a rigid sphere and an elastic semi-
infinite half-space.
2.3. Mechanical response of rough fracture

Fractures in hydrocarbon and geothermal reservoirs are typically
rough with asperities distributed across the surface area (van Dam et al.,
2000; Wang and Sharma, 2017). The roughness of the fracture walls is
neglected in Eq. (6) where it is small in contrast to its wavelength and the
aperture of the fracture (Stoddard et al., 2011). However, the roughness
of the fracture walls may be considered for the unpropped fracture seg-
ments, where roughness controls the closure of the two elastic surfaces in
contact. Experimental observations have shown the non-linear nature of
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the mechanical responses of rough discontinuities in rock (Zangerl et al.,
2008; Brady and Brown, 2006), which can be described by the empirical
Barton-Bandis fracture closure model (Bandis et al., 1983; Barton et al.,
1985) as

σaðzÞ ¼

8><
>:

wa0 � wðzÞ
b1 � b2½wa0 � wðzÞ�; wðzÞ < wa0

0; wðzÞ � wa0

; (7)

where σaðzÞ is the contact stress applied on the fracture asperities, wa0 is
the asperity width, i.e. the critical aperture at which fracture walls begin
to contact, b1 is a constant representing the compliance of the asperity,
and b2 ¼ b1=wa0. Note that this model gives σaðzÞ ¼ 0 at wðzÞ ¼ wa0 and
an infinite σaðzÞ as wðzÞ goes to zero, implying that the fracture is not
allowed to completely close.
2.4. Proppant embedment

After fracture closure, proppant particles may embed into the fracture
walls resulting in the reduction of fracture width and conductivity
(Alramahi and Sundberg, 2012; Lee et al., 2010; Wen et al., 2007). A
proppant embedment model accommodates this effect. In this study,
elastic Hertzian contact is applied to describe proppant embedment
(Khanna et al., 2012; Chen et al., 2017).

Consider the classic Hertzian contact problem between a spherical
indenter and an elastic semi-infinite half-space as shown in Fig. 3. The
radius of the contact zone, a, can be evaluated as (Fischer-Cripps, 2007)

a3 ¼ 3
4
PR
E* ; (8)

where P is the indenter load, R is the indenter radius, and E* is the
combined modulus of the

Indenter and the half-space given by (Fischer-Cripps, 2007)

1
E* ¼

1� v2

E
þ 1� ν2p

Ep
; (9)

where Ep and νp are the Young's modulus and Poisson's ratio for the
indenter. When the indenter is much more rigid than the half-space, i.e.
Ep≫E, which is the general case for proppant embedment, Eq. (9) reduces
to

E* ¼ E
1� v2

¼ E0: (10)

Combining Eqs. (8) and (10), the mean contact pressure, pm, which is
given by the indenter load divided by the projected contact area, can be
written as
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pm ¼ P
πa2

¼ 4
3
E0

π
a
R
: (11)
The vertical normal displacement of the surface at a distance r from
the centerline-symmetry point of contact can be calculated as (Fischer--
Cripps, 2007)

uyðrÞ ¼

8>><
>>:

3π
8aE0

�
2a2 � r2

�
; r � a

3
4aE0pm

h�
2a2 � r2

�
sin�1a

r
þ ar

�
1� a2

r2

�1=2i
; r > a

: (12)

Eq. (12) has amaximum value when r ¼ 0, which can be expressed by
combining Eqs. (11) and (12) as

uy max ¼ R
�
3π
4E0pm

�2

: (13)

For the proppant pack, the mean contact pressure, pmðzÞ, and the
compacting stress, σpðzÞ, are related as

pmðzÞπa2 ¼ σpðzÞηR2; (14)

where η � 2
ffiffiffi
3

p
is a constant determined by the proppant packing (see

Appendix). Combining Eqs. (11) and (14), yields

pmðzÞ ¼
�
16ηE02

9π3
σpðzÞ

�1=3
: (15)

Therefore, incorporating Eqs. (6) and (15) into Eq. (13) gives the
proppant embedment (the maximum vertical normal displacement
uy max) as

weðzÞ ¼

8><
>:

R
�
3π
4E0

�2�16ηE02

9π3cp
ln

wp0ðzÞ
wðzÞ

�2=3
; wðzÞ < wp0ðzÞ

0; wðzÞ � wp0ðzÞ
: (16)

According to Eq. (16), the proppant embedment is proportional to the
compacting stress to the power of 2/3, i.e. we � σ2=3

p , which is consistent
with experimental results (Alramahi and Sundberg, 2012) where the
proppant embedment is observed as we � σλ

p with λ in the range of
0.514–0.707 (Chen et al., 2017).

The final governing equation for the fracture residual opening, wðzÞ,
is obtained by substituting Eqs. (1), (6), (7) and (16) into Eq. (2), where
WðzÞ is the only unknown. However, an analytical solution for the sin-
gular integral equation, Eq. (2), is difficult to obtain due to the strong
non-linear behavior of the compaction of the proppant pack, asperity
contact and proppant embedment. Thus, a numerical solution procedure
is employed in this study, as discussed later in Section 4.
2.5. Fracture conductivity model

Hydraulic fracture conductivity is a key parameter in representing
ultimate fluid transport in the reservoir (Economides and Nolte, 2000).
The fracture conductivity is defined as the product of the fracture width
and the permeability of the compacted proppant pack or the unpropped
fracture.

According to the parallel plate model, the permeability of an
unpropped fracture can be written as (Witherspoon et al., 1980; Zim-
merman and Bodvarsson, 1996)

kf ðzÞ ¼ w2ðzÞ
12

: (17)

Note that transmissivity of a PKN fracture without proppant is given
by integrating the product of kf ðzÞ and wðzÞ over the fracture height.
Dividing the fracture transmissivity by the area of fracture cross-section
gives the averaged fracture permeability kf ¼ w2

max=16, where wmax is the
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fracture width at z ¼ 0 (Perkins and Kern, 1961; Nordgren, 1972).
For a compacted proppant pack, the permeability, kpðzÞ, is related to

the porosity, ϕðzÞ, which is defined as

ϕðzÞ ¼ VpðzÞ
VbðzÞ ¼ 1� VsðzÞ

VbðzÞ ¼ 1� w0ðzÞc0ðzÞcmax

wðzÞ ; (18)

where VbðzÞ is the bulk volume of the proppant pack, VpðzÞis the volume
of the pore space within the proppant pack and VsðzÞ is the volume of the
solid phase, i.e. the proppant particles. One of the well-known porosity-
permeability relationships is the Kozeny-Carman model (Kozeny, 1927;
Carman, 1937) expressed as

kpðzÞ ¼ 1
kKS2Vgr

ϕ3ðzÞ
½1� ϕðzÞ�2 ; (19)

where kK is the Kozeny-Carman constant and SVgr is the total particle
surface area per unit volume of the solid phase. For packed beds with
uniform spheres of radius R, generally we have kK ¼ 5 and SVgr ¼ ð4πR2Þ
=ð4πR3=3Þ ¼ 3=R, reducing Eq. (19) to

kpðzÞ ¼ R2

45
ϕ3ðzÞ

½1� ϕðzÞ�2 : (20)

If the initial proppant concentration 0 < c0ðzÞ < 1, the proppant pack
will not be compacted at the beginning of the fracture closure process
until a sufficiently small fracture aperture is reached, i.e. wðzÞ � wp0ðzÞ :

Such uncompacted proppant may also exist in the arched zones when the
fracture has closed. Under those conditions, the permeability models for
the unpropped fracture and compacted proppant pack [Eqs. (17) and
(20)] might no longer be applicable. Considering a smoothly varying

interpolation function, bQsðc; w=RÞ, proposed by Dontsov and Peirce
(2014) describing changes of slurry mobility with proppant concentra-
tion and fracture width, the permeability of a fracture containing
uncompacted proppant can be written as

k0f ðzÞ ¼
w2ðzÞ
12

bQs
�
cðzÞ;wðzÞ

R

�
; (21)

where cðzÞ ¼ c0ðzÞw0ðzÞ=wðzÞ is the proppant concentration during

fracture closure and function bQs
can be expressed as

bQs
	
c;
w
R



¼ QsðcÞ þ R2

w2
c
8ð1� cmaxÞα

3cmax
; (22)

where QsðcÞ is a function of c only with Qsð0Þ ¼ 1 and Qsð1Þ ¼ 0 and is
calculated numerically, and α ¼ 3� lnð10cmaxÞ=lnð1� cmaxÞ. As an

illustration, Fig. 4 plots the function bQs
versus c for different values of

w=R. A detailed explanation of Eq. (22) can be found in Dontsov and
Peirce (2014). Appropriately, Eq. (21) reduces to Eq. (17) when c ¼ 0
(unpropped fracture) and reduces to Eq. (20) when c ¼ 1 (proppant pack
begins to be compacted, i.e. when ϕ ¼ 1� cmax ).

Combining Eqs. (17), (20) and (21), yields

CðzÞ ¼

8>>><
>>>:

w3ðzÞ
12

bQs
�
cðzÞ;wðzÞ

R

�
; wðzÞ � wp0ðzÞ

wðzÞR
2

45
ϕ3ðzÞ

½1� ϕðzÞ�2; wðzÞ < wp0ðzÞ
; (23)

which defines the conductivity of a fracture that is partially filled with
proppant.

3. Numerical algorithm

As discussed previously, the strongly non-linear behavior due to
compaction of the proppant pack, fracture closure, asperity contact and



Fig. 4. The function bQs
versus normalized proppant concentration c for three

specified values of w=R.
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proppant embedment renders an exact analytical solution unavailable for
the singular integral equation, Eq. (2). The displacement discontinuity
method with constant strength elements (Crouch, 1976) is implemented
in this study to solve Eq. (2) numerically.

The problem domain is discretized into N elements, as shown in
Fig. 5, with each element consisting of a central collocation node, zj, and
two auxiliary integration nodes, si and siþ1, located at the element ends,
which are given, respectively, by

zj ¼ �ðN þ 1ÞH
2N

þ H
N
j; j ¼ 1; 2;⋯;N ; (24)

And

si ¼ �ðN þ 2ÞH
2N

þ H
N
i; i ¼ 1; 2;⋯;N þ 1 : (25)

The elastic equation for width, Eq. (2), can be discretized as

F
�
w
�
zj
�� ¼ w

�
zj
�� 2

πE0
XNþ1

i¼1

ðzi � zi�1Þ½σnðzi�1Þ þ σnðziÞ�G
�
zj; si

��þ 2we

�
zj
�

¼ 0; j ¼ 1; 2;⋯;N ;

(26)

with z0 ¼ � H=2, zNþ1 ¼ H=2, σnðz0Þ ¼ σnðz1Þ, and σnðzNþ1Þ ¼ σnðzNÞ.
Following Eqs. (2), (6), (7) and (16), both the ensemble stress applied on
the fracture walls at position zj, σnðzjÞ, and the proppant embedment at
position zj, weðzjÞ can be written as functions of wðzjÞ. Therefore, the
discretized form [Eq. (26)] represents a system of N non-linear algebraic
equations inN unknownswðzjÞ, j ¼ 1; 2;⋯;N, and can be solved using the
Newton–Raphson iterative scheme. The matrix notion of the Newton-
Raphson solution of Eq. (26) at the lth iteration takes the form
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wðlÞ ¼ wðl�1Þ � J�1ðl�1ÞFðl�1Þ; (27)
where the superscripts in parentheses (i.e., l and l� 1) are the iteration
steps, and the set of arrays are

w ¼ fwðz1Þ wðz2Þ ⋯ wðzNÞ gT ; (28)

F ¼ fF½wðz1Þ� F½wðz2Þ� ⋯ F½wðzNÞ� gT ; (29)

And

J ¼

8>><
>>:

∂F½wðz1Þ�=∂wðz1Þ ∂F½wðz1Þ�=∂wðz2Þ ⋯ ∂F½wðz1Þ�=∂wðzNÞ
∂F½wðz2Þ�=∂wðz1Þ ∂F½wðz2Þ�=∂wðz2Þ ⋯ ∂F½wðz2Þ�=∂wðzNÞ

⋮ ⋮ ⋱ ⋮
∂F½wðzNÞ�=∂wðz1Þ ∂F½wðzNÞ�=∂wðz2Þ ⋯ ∂F½wðzNÞ�=∂wðzNÞ

9>>=
>>;;

(30)

where the Jacobian for the system, J, is evaluated using a finite difference
approximation at each iteration. The iteration process, Eq. (27), is
repeated until the convergence condition is met. After the fracture re-
sidual opening profile, wðzÞ, is obtained, the fracture conductivity, CðzÞ,
can be evaluated according to Eq. (23).

4. Numerical results and discussions

A series of numerical simulations are completed with the fracture
closure model proposed in this study. First, this model is comparing
predictions against existing models and an analytic solution. Second, we
perform numerical simulations, including a base case and a series of
parametric studies, in which a proppant bank is deposited at the fracture
base by slick water fracturing. Third, this model is utilized to analyze
residual aperture profiles and conductivities of fractures resulting from
channel fracturing.

4.1. Model validation

A semi-analytical method for calculating the residual opening of
fractures partially filled with proppant has been developed by Neto and
Kotousov (2013a). This is based on the Distributed Dislocation Tech-
nique and Terzaghi's classical consolidation model. This Neto-Kotousov
model considers KGD type fractures where the plane strain condition is
assumed in the direction of the fracture height, and where the proppant is
distributed symmetrically about the fracture center, as shown in Fig. 6.
Fig. 5. Computational mesh used in this study.

Fig. 6. Geometry of a KGD type fracture with proppant distributed symmetri-
cally about the fracture center. (Origin is placed at the fracture center).
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Note that, although the established model in this study is primarily
focused on a blade-like (PKN) fracture, where the plane strain condition
is approximated in the direction of fracture length, it can also be
straightforwardly applied to a KGD type fracture by replacing fracture
height with fracture length in Eq. (2). With the parameters listed in
Table 1, two cases with different lengths of the propped portion of the
KGD type fracture, 2lp ¼ 2 m and 2lp ¼ 6 m, are considered here. The
residual opening profiles are obtained using the proposed model and
compared with the Neto-Kotousov model. Proppant embedment is
ignored, i.e. weðxÞ ¼ 0, to make the two models directly comparable.
Taking advantage of the half symmetry of the problem geometry, the
fracture residual opening profiles of half-length are shown in Fig. 7. It can
be seen that the proposed model agrees with the Neto-Kotousov model
very well. The slight differences may be due to the different models of
proppant compaction that are used in the two models.

If the uniform internal fluid pressure is increased to p � σh þ w0E0=
ðπLÞ ¼ 14:77 MPa, the fracture will dilate, pushing the fracture walls
away from the proppant pack. This condition is equivalent to the well-
known problem of a 2D static pressurized crack under a plane strain
condition (Sneddon and Elliott, 1946), which takes the analytic solution
for the fracture profile as

wðxÞ ¼ 4ðp� σhÞ
E0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 � x2

p
: (31)

Further, considering an even higher pressure, p ¼ 18 MPa, the frac-
ture profile is calculated by the proposed model. As shown in Fig. 7, there
is an excellent agreement between the proposed model and the analytic
solution.
Table 1
Input parameters used for model validation.

Parameters Values

Plane strain Young's modulus E0 25 GPa
Compressibility of proppant pack cp 3.9� 10�8 Pa�1

Initial averaged fracture width w0 3 mm
Far-field stress σh 10MPa
Internal fluid pressure p 10MPa
Fracture half-length L 5m
Initial proppant concentration c0ðjxj � lpÞ 1
Initial proppant concentration c0ðjxj > lpÞ 0
Asperity width wa 0.1 mm

Fig. 7. Calculated residual openings of a KGD type fracture filled with different
amount of proppant and under different fluid pressure. Only half-length of the
fracture is shown here by taking advantage of the problem half symmetry. The
results are compared with existing models (Neto and Kotousov, 2013a) and an
analytic solution [Eq. (31)].
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4.2. Numerical results for slick water fracturing

The proposed model is now employed to analyze the residual opening
and conductivity of a fracture with a basal (non-symmetric) bank. This is
typical for slick water fracturing where low fluid viscosity (water) allows
relatively rapid settling.

First, a base case is examined to demonstrate the proposed model.
Consider a blade-shaped fracture with a height H of 10m that is sub-
jected to a far-field stress σh of 20MPa. The surrounding formation has a
plane strain Young's modulus E0 of 25 GPa. The initial internal fluid
pressure, p0, is assumed uniform over the fracture height and is
24.77MPa (at the end of pumping), corresponding to an initial average
fracture width w0 of 3mm. The initial reservoir pore pressure, prsv, is
assumed to be 15MPa. In this case, it is assumed that all of the proppant
settles to the fracture base and forms a bed with a height h of 5m, i.e. the
initial normalized proppant concentration satisfies c0ðz � 0Þ ¼ 1 and
c0ðz > 0Þ ¼ 0. The initial shape of the fracture and the initial concen-
tration distribution of the proppant are shown in Fig. 8(a) and (b),
respectively. The other input parameters are given in Table 2. A large
number of spatial collocation points, N¼ 100, are used for the numerical
solution to ensure that sudden changes of quantities can be captured with
sufficient resolution.

Fig. 8(c)–(g) show the evolution of the fracture width profile, w, the
compacting stress on the proppant pack, σp, the proppant embedment,
we, and the fracture conductivity, C, on both natural and logarithmic
scales, as the fluid pressure within the fracture gradually declines. It can
be seen from Fig. 8(c) that, during the shut-in stage, as the fluid pressure
decreases from the initial pressure (24.77MPa) to the reservoir pore
pressure (15MPa), the upper unpropped portion of the fracture closes
gradually onto the asperities under the closure pressure, while the lower
propped portion shows only a slight decrease in width due to the
compaction of the proppant pack. An arch zone with a height of ~2m is
formed just above the top of the proppant bed. During production, as the
fluid pressure decreases from the initial reservoir pore pressure (15MPa)
to 0MPa, the width of the propped fracture decreases slowly, and a
reduction of the height of the arch zone is also observed – reducing it to
~0.6m when the pressure is completely depleted. The compacting stress
applied on the proppant pack increases as the fluid pressure decreases, as
shown in Fig. 8(d). This stress is relatively constant near the bottom of
the fracture, which is slightly larger than the value of p0 � p, but increases
rapidly as the top of the proppant bed is approached – this is to support
the arch zone. The maximum value of the compacting stress, which is ~3
times as large as that in the lower region, is reached at the top of the
proppant bed, where low-strength proppant particles might crush and be
produced through the open-arch zone if there is a reasonable connection
in the perforations. Thus, a “tail-in” of high strength proppant might be
beneficial to reduce proppant crushing and to maintain the arch zone.
Since that the depth of proppant embedment is proportional to the
compacting stress to the power of 2/3 [Eq. (16)], the evolution of
proppant embedment has a similar trend to that of the compacting stress
as fluid pressure decreases, as shown in Fig. 8(e). Proppant embedment
remains relatively constant in the basal region of the fracture, and in-
creases quickly and reaches a peak at the top of the bed where the largest
compacting stress results. Fig. 8(g) shows that the conductivity of the
proppant bed is comparatively constant over the entire bed height except
for the two endpoints, i.e., the base and the top of the proppant bed. The
smaller conductivity in the base results from the narrower fracture width,
while that at the top is due to the more highly compacted pack with a
reduced porosity. The closed unpropped part of the fracture has a con-
ductivity ~3 orders of magnitude lower than that of the proppant bed.
However, the open-arch zone adjacent to the top of the proppant bed
exhibits an extremely high conductivity which is ~2–3 orders of
magnitude larger than that of the proppant bed. This high-conductivity
pathway may be beneficial during cleanup and production, but may
also aid in enhancing proppant flowback. As the internal fluid pressure
declines, the overall conductivity of the fracture decreases due to



Fig. 8. Initial conditions and simulation results of the base case: (a) the initial shape of the fracture; (b) the initial distribution of the normalized proppant con-
centration; and the evolution of (c) the fracture width, (d) the compacting stress on proppant pack, (e) the proppant embedment, and the fracture conductivity (f) in
natural scale and (g) in logarithmic scale as fluid pressure decreases. (The initial fluid pressure within the fracture is 24.77MPa, and the initial pore pressure of the
reservoir is 15MPa.)

Table 2
Input parameters for the base case.

Parameters Values

Fracture height, H 10m (Detournay et al., 1990)
Far-field stress, σh 20MPa (Shiozawa and McClure, 2016)
Initial averaged fracture width,
w0

3 mm (Palisch et al., 2010)

Plane strain Young's modulus,
E0

25 GPa (Dontsov and Peirce, 2015)

Initial fluid pressure, p0 24.77MPa [back-calculated from H, σh, E0 and w0

based on Eq. (31)]
Initial reservoir pore pressure,
prsv

15MPa (Shiozawa and McClure, 2016)

Compressibility of proppant
pack, cp

7.25� 10�9 Pa�1 (Shiozawa and McClure, 2016)

Asperity width, wa 0.1mm (Bandis et al., 1983)
Asperity compliance, b1 1.43� 10�10 Pa�1

Proppant radius, R 0.4mm (Palisch et al., 2010)
Maximum proppant
concentration, cmax

0.53
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compaction of the proppant bed and the reduced size of the open-arch
zone.

Cases with different proppant bed height are examined for the same
general fracture conditions that were specified previously (Table 2).
These calculations are performed when the internal fluid pressure p ¼
5 MPa, and the ratio of bed height to fracture height, h=H, ranges from
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0.2 to 1.0, as shown in Fig. 9(a). It can be seen from Fig. 9(b) that arch
zones form in the four cases for h=H < 1 and are not observed in the case
where the fracture is fully filled by proppant (h=H ¼ 1). The height of the
arch zone for the case of h=H ¼ 0:2 is ~0.4m, and that for the cases of h=
H ¼ 0:4, 0.6 and 0.8 is ~0.6m. This indicates that the height of the arch
zone only changes slightly as the bed height changes significantly and
reaches maximum value at this intermediate value of fill height. Due to
this similarity in arch zone dimensions, the conductivities of the arch
zones for the cases of h=H < 1 also show similar magnitude, as can be
seen from Fig. 9(d). Fig. 9(c) shows that the compacting stress exhibits a
monotonically decreasing trend with increasing bed height. Thus, under
the same fracture conditions, particles within a less high proppant bed
may experience greater embedment into the fracture walls and/or a
larger potential of crushing.

Another set of cases with different initial fracture widths (w0 ¼
1 mm, 3mm and 5mm) is examined with the remaining input parame-
ters identical to those listed in Table 2. The initial fracture shapes are
shown in Fig. 10(a), and the initial proppant concentration distribution is
the same as that shown in Fig. 8(b), i.e., the proppant bed height is 5 m for
all the three cases. Note that a wider initial fracture indicates a larger
amount of proppant filling in the fracture. When the internal fluid
pressure decreases to 5MPa, the residual aperture profiles are shown in
Fig. 10(b). A larger initial fracture width results in a larger residual
opening due to a greater mass (initial width) of proppant filling the
fracture and propping it open. The heights of the arch zones for the cases
of w0 ¼ 1 mm, 3mm and 5mm are 0.1m, 0.6m and 1.0m, respectively.



Fig. 9. Cases with various proppant bed heights: (a) initial proppant distributions; (b) residual opening profiles; (c) resultant compacting stresses applied on proppant
bed; and (d) fracture conductivities after fracture closure. [The initial fracture shape is identical to that shown in Fig. 8(a), and the internal fluid pressure is 5MPa].

Fig. 10. Cases with various initial fracture
widths: (a) initial fracture shapes; (b) residual
opening profiles; (c) resultant compacting
stresses applied on the proppant bed; and (d)
fracture conductivities after fracture closure.
[The initial proppant concentration distribution
is the same as that shown in Fig. 8(b), and the
internal fluid pressure is 5MPa].
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A larger dimension of the arch zone in turn results in a pathway with
greater conductivity, as shown in Fig. 10(d). However, larger residual
opening requires higher stress to maintain the shape of the fracture, as
indicated by Eqs. (1) and (2). Therefore, the case ofw0 ¼ 5 mm shows the
highest overall compacting stress while the case of w0 ¼ 1 mm shows the
lowest, as can be seen from Fig. 10(c).

To examine the impact of elastic modulus of the formation on the
resulting fracture residual opening, three cases with different plane strain
Young's moduli (E0 ¼ 5 GPa, 25 GPa and 45 GPa) are considered. The
other input parameters are, again, the same as the base case (Table 2).
Fig. 11(a) shows that a smaller elastic modulus of the formation results in
a less compacted proppant bed but a smaller arch zone. This is due to the
condition that a lower stress will result in a larger fracture dilation in a
softer formation (Fig. 11(b)), but a narrower arch zone dimension. As a
result, the case for E0 ¼ 5 GPa has the smallest conductivity for the arch
zone, although it shows a slightly higher conductivity for the proppant
bed than the other two cases since it is the least compacted (Fig. 11(d)).
Fig. 11(c) shows the proppant embedment for those three cases. It can be
seen that, despite the fact that the lowest compacting stress is applied on
the proppant bed for the case of E0 ¼ 5 GPa (Fig. 11(b)), this case expe-
riences the largest proppant embedment due to the most compliant
fracture walls.
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Sometimes rapid leak-off of fracturing fluid or rough and tortuous
fractures may preclude the complete settling of proppant before a frac-
ture closes. In such a case, the initial proppant concentration distribution
may be similar to that shown in Fig. 12(a) where two proppant packs are
formed with different initial concentrations. Calculations are performed
with this initial proppant distribution. The input parameters are identical
to those listed in Table 2. Fig. 12(b) and (c) show the residual opening
profile, compacting stress acting on the proppant pack, and the fracture
conductivity after fracture closure, respectively, when the internal fluid
pressure decreases to 5MPa. Two arch zones are formed between the two
discontinuities of the proppant concentration (Fig. 12(b)). Both arch
zones have a higher relative conductivity than the compacted proppant
packs (Fig. 12(d)). Extremely high compacting stresses are observed at
the top of each proppant pack, as shown in Fig. 12(c). Note that the
compacting stress is zero within the lower arch zone, indicating that the
proppant in that region has not been compacted. That proppant will ul-
timately settle down to the top of the lower proppant pack and may be
mobile during cleanup and production – likely contributing to proppant
flowback under sufficiently high flow rates.

It is commonly believed that a uniform proppant distribution is
favored for optimal well performance (Palisch et al., 2010). However,
according to the above analysis, the resulting arch zone next to the



Fig. 11. Cases with various plane strain Young's modulus of the formation: (a) residual opening profiles; (b) resultant compacting stresses applied on proppant bed; (c)
proppant embedment; and (d) fracture conductivities after fracture closure. [The initial fracture shape and proppant concentration distribution are same as those
shown in Fig. 8(a) and (b), respectively, and the internal fluid pressure is 5MPa].

Fig. 12. Case with part of the proppant stranded above the proppant bed: (a) initial proppant concentration distribution; (b) residual opening profile; (c) resultant
compacting stress applied on proppant packs; and (d) fracture conductivity after fracture closure. [The initial fracture shape is the same as the one shown in Fig. 8(a),
and the internal fluid pressure is 5 MPa].
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proppant bed can offer a high-conductivity pathway for fluids to be
recovered, while the unpropped and closed zone above it has a relatively
low conductivity. Therefore, it is feasible that an optimal proppant dis-
tribution may exist that can maximize the fracture transmissivity with a
given mass of proppant injected. This is explored by employing five
idealized initial proppant distributions with the same total volume of
proppant. In these five cases, proppant packs are formed with different
heights, h, and initial concentrations, c0, as shown in Fig. 13(a). The
initial proppant concentrations for cases of h=H ¼ 0:3, 0.5, 0.7, 0.9 and
1.0 are c0 ¼ 1, 0.505, 0.338, 0.266 and 0.252, respectively. Thus, the
case of h=H ¼ 0:3 represents the condition that all of the proppant settle
to the base of the fracture, while the case of h=H ¼ 1:0 corresponds to a
uniform proppant distribution. The other input parameters are identical
to the base case (Table 2). Fig. 13(b) shows the residual opening profiles
for these five cases. Since the total volume of proppant is the same, the
width of the propped zone decreases as the proppant pack height in-
creases, resulting in a decreasing arch zone dimension. However, the
height of the unpropped, closed zone also decreases as the proppant
distributes more uniformly. The resultant conductivity is shown in
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Fig. 13(d), and the fracture transmissivity can be calculated as

T ¼ ∫ H=2
�H=2CðzÞdz: (31)

Fig. 14 shows the calculated fracture transmissivity as a function of
proppant pack height for these five cases. It is apparent that cases with
shorter and wider proppant packs have higher fracture transmissivity if
the total volume of the proppant is the same. This is attributed to the
larger arch zones. According to the above analysis, it is plausible that the
case with all of the proppant settling to the base of the fracture is more
desirable than the case with a uniform proppant distribution. Negating
this argument is that the top of the formation is vertically unconnected to
the open-arch zone and this may increase the diffusion length of reservoir
fluids during production. Production simulations are needed to examine
the performance of wells with those different fracture conductivities. In
addition, the sustainability of the arch zone should be examined as well
since higher compacting stress is observed for cases with lower proppant
pack height [Fig. 13(c)] and this may crush the proppant particles and
diminish the extent of the arch zone.



Fig. 13. Cases with the same total volume of proppant but different proppant pack: (a) initial proppant concentration distributions; (b) residual opening profiles; (c)
resultant compacting stresses applied on proppant packs; and (d) fracture conductivities after fracture closure. [The initial fracture shape is the same as the one shown
in Fig. 8(a), and the internal fluid pressure is 5MPa].

Fig. 14. Fracture transmissivity as a function of the ratio of proppant pack
height to fracture height. (The total volume of proppant remains constant.)

Fig. 15. Schematic of proppant distribution in conventional fracturing (left) and
channel fracturing (right). (D'Huteau et al., 2011).

Fig. 16. Schematic of a simplified 2D case of channel fracturing.

J. Wang, D. Elsworth Journal of Petroleum Science and Engineering 166 (2018) 249–262

258



J. Wang, D. Elsworth Journal of Petroleum Science and Engineering 166 (2018) 249–262
4.3. Numerical results for channel fracturing

Channel fracturing is an emerging technique which enables fractures
to be propped by discontinuous proppant pillars. This creates a network
of high-conductivity, open channels within the fractures, as shown in
Fig. 15. This new technique stems from combining the concepts of partial
monolayer fracturing (Brannon et al., 2004) and periodic propped frac-
turing (Tinsley and Williams, 1975). This has been widely applied over
the past several years (Gillard et al., 2010; Medvedev et al., 2013). In
channel fracturing, an inhomogeneous placement of proppant is ach-
ieved by injecting a train of proppant-laden then proppant-free fluids into
the well and fracture and using degradable fibers that can wrap the
proppants and prevent dispersion of the proppant pulses. Several models
have been developed to explore fracture conductivity after channel
fracturing (Zheng et al., 2017; Yan et al., 2016; Guo et al., 2017). These
Fig. 18. Simulation results for the cases of channel fracturing with different ratios
compacting stresses applied on proppant packs; and fracture conductivities after fractu
initial fracture shape is the same as that shown in Fig. 8(a), and the internal fluid p
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models assume that the channels remain open throughout the well life.
However, this may not be the case in reality where the channels may
close under high stress, resulting in a reduction of the fracture
conductivity.

In this subsection, our proposed model is used to analyze the residual
aperture and conductivity of the fractures produced by channel frac-
turing in a simple 2D case (Fig. 16). It is assumed that the proppant pillars
have a uniform height, hp, and are distributed in the fracture with an even
spacing, hs. In this set of simulations, the number of proppant pillars in
the fracture is set to be 5, i.e. hp � hs ¼ H=5, and different ratios of
proppant pillar height to spacing, hp=hs, are considered, ranging from 0 to
1. The other input parameters are the same as those listed in Table 2.
Fig. 17 show the three different initial proppant concentration distribu-
tions used here, with the ratio of proppant pillar height to spacing hp=
hs ¼ 0:3, 0.7 and 0.9, respectively. The calculations are conducted
Fig. 17. Initial proppant concentration distributions with
different ratios of proppant pillar height to spacing: (a) hp=
hs ¼ 0:3, (b) hp=hs ¼ 0:7, and (c) hp=hs ¼ 0:9.

of proppant pillar height to spacing: (a) residual opening profiles; (b) resultant
re closure for cases of (c) hp=hs ¼ 0:3, (d) hp=hs ¼ 0:7, and (e) hp=hs ¼ 0:9. [The
ressure is 5MPa].
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assuming that the fluid pressure is depleted to 5MPa (Fig. 18). For the
case of hp=hs ¼ 0:3, the fracture walls contact midway between the
proppant pillars (Fig. 18(a)) where the fracture is closed to the fluid flow,
as indicated by the extremely low conductivity in Fig. 18(c). In addition,
proppant pillars in this case (hp=hs ¼ 0:3) experience higher compacting
stress (Fig. 18(b)) than the other two cases, especially in the pillar edge
regions. These in turn decrease the conductivity of the proppant packs,
lowering the overall fracture transmissivity. For the case of hp=hs ¼ 0:7,
the channel is still open with a reasonable width showing a flow capacity
several orders of magnitude greater than that of the proppant pillars. The
fracture transmissivity of this case is much higher than that of the case for
hp=hs ¼ 0:3. The case for hp=hs ¼ 0:9 is similar to that for hp=hs ¼ 0:7,
but the proppant pillars are much closer together and the distance over
which the fracture remains open is shorter. This suggests that more of the
fracture surface is propped than may be necessary. Therefore, there ap-
pears to be an optimal ratio of proppant pillar height to spacing that will
result in the maximum fracture transmissivity after fracture closure.
Fig. 19 plots the fracture transmissivity as a function of the ratio of
proppant pillar height to spacing. This shows that the maximum fracture
transmissivity is reached when hp=hs is ~0.8.

5. Conclusions

A 2D model has been developed to obtain the residual opening and
conductivity of hydraulic fractures filled with arbitrarily distributed
proppant packs. This model is based on a 2D elasticity integral equation
with a Cauchy-type singular kernel that incorporates the non-local effect
of the local ensemble normal stress across the height of the fracture. It is
capable of accommodating the mechanical response of proppant packs,
Fig. 19. Fracture transmissivity as a function of the ratio of proppant pillar
height to spacing.
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fracture closure on rough surfaces, and proppant embedment into frac-
ture walls. The conductivity of the closed, partially/fully propped frac-
ture is derived from the cubic law and the Kozeny-Carman permeability
model.

Proppant beds are assumed to accumulate at the base of hydraulic
fractures if low-viscosity fracturing fluids are used for stimulation. Dur-
ing cleanup and production, reduced fluid pressure within the fracture
leads to compaction of the proppant packs as well as only the partial
closure of unpropped fracture portions. An open-arched zone is neces-
sarily formed next to the proppant pack. The dimensions of the arched
zones decrease as the fluid pressure declines, and it is also limited by the
small proppant mass filling the fracture and by the low elastic modulus of
the formation. The proppant bed height has little impact on the extent of
the arched zone if bed height is neither close to zero or the fracture
height. The arched zones have extremely high conductivity compared
with the compacted proppant beds and the closed, unpropped fracture
portions. This high-conductivity pathway may have a significant impact
on cleanup, production and proppant flowback. However, higher com-
pacting stress and greater proppant embedment are observed at the top of
the proppant bed, which may be disadvantageous to sustaining the arch
zone.

Contrary to conventional wisdom, simulations suggest that, for a
given mass of proppant, uniform distribution throughout the full height
of the fracture may not be as effective as a wedge at the fracture base with
an open-arch formed above. This arched zone results in a higher overall
fracture transmissivity than a uniform proppant distribution. However,
this may require further demonstration by production simulations since
part of the pay-zone might be disconnected from, or poorly-connected to,
the preferential pathway for fluid flow, and this may increase the hy-
drocarbon diffusion length.

The proposed model is also applied to analyze the fracture conduc-
tivity of channel fracturing in a simple 2D representation. Simulation
results show that the open channels formed between proppant pillars
could improve fracture transmissivity dramatically - if they are main-
tained throughout the life of the well. However, for a fixed proppant
pillar height, a large proppant pillar spacing could lead to the premature
closure of the flow channels, while a small pillar spacing may narrow
those channels. An optimal ratio of proppant pillar height to spacing
should maximize the overall fracture transmissivity during production.
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Appendix

For a proppant layer in contact with a fracture wall, the densest
packing is a hexagonal lattice, as shown in Fig. 20 (a). Fig. 20 (b) plots
Fig. 20. Proppant packing for the layer in contact
with a fracture wall: (a) hexagonal lattice, and (b)
three adjacent proppant particles (solid-line circles)
and contact zones between particles and the fracture
wall (dashed-line circles).
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three adjacent proppant particles (solid-line circles) and contact zones between particles and the fracture wall (dashed-line circles), where R and a
represent radii of the particle and the contact zone, respectively. The equilateral triangle shown in Fig. 20 (b) has an area of

ffiffiffi
3

p
R2 and overlaps the

contact zones with an area of πa2=2. Thus, the mean contact pressure, pmðzÞ, and the compacting stress, σpðzÞ, are related as

pmðzÞπa2 ¼ 2
ffiffiffi
3

p
σpðzÞR2: (32)

Therefore, the constant η in Eq. (14) is 2
ffiffiffi
3

p
for the densest packing type (hexagonal lattice), and η > 2

ffiffiffi
3

p
for other looser ones.

Nomenclature

H Fracture height (m)
E Young's modulus (GPa)
ν Poisson's ratio (�)
E0 Plane strain Young's modulus (GPa)
σn Ensemble stress (MPa)
σp Compacting stress on proppant pack (MPa)
σa Back stress from fracture asperities (MPa)
σh Far-field stress (MPa)
p Fluid pressure within fracture (MPa)
p0 Initial fluid pressure within fracture (MPa)
prsv Initial reservoir pore pressure (MPa)
w Fracture width (mm)
w0 Initial fracture width (mm)
w0 Initial averaged fracture width (mm)
we Depth of proppant embedment (mm)
G Elastic kernel (�)
c0 Initial proppant volumetric concentration (�)
cmax The maximum value of initial proppant volumetric concentration (�)
c0 Normalized initial proppant concentration (�)
wp0 Initial width of proppant pack (mm)
cp Compressibility of proppant pack (Pa�1)
wa0 Asperity width (mm)
b1 Asperity compliance (Pa�1)
b2 Constant determined by asperity width and compliance (�)
a Radius of contact zone (mm)
R Radius of proppant particle (mm)
P Indenter load (MPa)
E� Combined modulus of indenter and half-space (GPa)
pm Mean contact pressure (MPa)
ur Vertical normal displacement (mm)
η Proppant packing constant (�)
kf Permeability of unpropped fracture (m2)
kp Permeability of compacted proppant pack (m2)
ϕp Porosity of compacted proppant pack (�)
kK Kozeny-Carman constant (�)
SVgr Total particle surface area per unit volume of solid phase (m�1)bQs

Function representing slurry mobility (�)
k0f Permeability of unpropped fracture containing uncompacted proppant (m2)
C Fracture conductivity (m3)
h Height of proppant bed (m)
T Fracture transmissivity (m4)
hp Height of proppant pillar (m)
hs Spacing between proppant pillars (m)
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