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1 INTRODUCTION

SUMMARY

Solutions are developed for the harmonic interior pressurization of idealized hemi-
spherical lava domes to determine the evolution of instability with time. Integrated gas
pressure distributions are evaluated to determine uplift on inclined planes of potential
detachment that traverse the dome, and to evaluate the limit-equilibrium stability of
blocks isolated by these planes. Average pressure distributions show an initial transient
rise to peak dynamic gas pressures that corresponds to a harmonic steady state, Progress
towards potential instability mirrors this rise, and osciilates with the harmonic steady
state. The timing of pressurization of the dome lavas is modulated by a diffusive time.
The magnitude of this pressurization is modulated by dome geometry and the magnitude
and non-dimensional frequency of the interior inflation. Two distinct pressurization
behaviours are apparent: the first, at high relative inflation frequencies, is where the
dynamic steady state corresponds 1o static pressurization at the mean intertor pressuie,
and the second., at low relative inflation frequencies, is where the dynamic state syn-
chronously responds to the oscillating interior-pressure boundary condition, and peak
uplift is proportional to the mean pressure plus the maximum harmonic overpressure.
These two conditions are separated by a frequency shift, or change in fluid diff usivity, of
only two orders of magnitude, and are significant because the destabilizing uplift force
may increase by a factor of two, where all other parameters, except excitation {requency
or diffusivity, remain fixed. These results are applied to stability evaluations of the lava
dome at the Soufriere Hills volcano, to examine failure mechanisms potentially con-
sistent with the observed delay in collapse. Linear models incorporating time-invariant
strength and transport parameters are only able to represent collapse for interior gas
pressures at the upper limit of observed magnitudes. Conversely, behaviours incorporating
fatigue-weakening, or hysteretic permeability enhancement. of the dome rocks are able
to approach failure for modest pressurization magnitudes, to match observed delays in
collapse and potentially to explain why some domes collapse explosively whereas others
do not.

Key words: dome collapse, harmonic pressurization, natural hazards, pyroclastic flows,
voicanology.

pressurization and indicated « coincidence of collupse with the
timing of peak cyclic pressurization (Voight ef al. 1998a). These

Explosive eruptions of the Soufriers Hills volcano, Montserrat.
BWI, directly followed major collapses of the lava dome on
September 17 1996, and June 25, August 3 and September 21
1997 (Robertson ¢f al, 1998; Cole er ol 1998, Young ef al. 1998),
indicating the presence of volatile-rich magma high in the
conduit and suggesting a possible role of gas pressurization in
dome instability {(Voight & Elsworth 2000). Tilt deformation of
the edifice prior to these four collapse events confirmed shaliow
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instances. and a number of anzlogons cases elsewhere (Newhall
& Melson 1987; Sato ef al. 1992; Miller 1994; Voight et al
1998%; Elsworth & Voight 1995, Veight & Elsworth 1997},
imply two types of gravitational lava dome fallure—one with
little or no gas overpressure, and the other with significant gas
overpressure (Massol & Jpupart 1999) that influences the futiure
process (Newhall & Voight 1997). This mode of pressure-
induced failure is consistent with volatile-rich lava recorded in
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the crystallinity {Cashman 1992) and vesicularity of fresh lava
(Anderson & Fink 1990}, and hydrous phenocrysts lacking
reaction rims (Rutherford & Hill 1993; Devine er ul 1998).
Dome collapse is significant as it may trigger seismic events
(Chouet 1996) and pyroclastic flows {Fink & Kieffer 1993;
Rose et ol 1976) and result in the explosive ualoading of
the gas-pressurized conduit (Robertson et al 1998; Fisher &
Heiken 1982; Alidibirov & Dingwell 1996),

A rigorous analysis of the forces acting within # harmonicaliy
gas-pressurized lava dome is completed to define the relutive
roles of cohiesive and frictional strengths, Auid transport para-
meters, dome geometry and pressurization magnitudes and
frequencies on the potential mode of failure. This paper develops
diffusion models to calculate the distribution of gas over-
pressures in un idealized lava dome, embeds these overpressures
into stability analyses and demonstrates that gas pressurization,
at observed frequencies and magnitudes, can promote decp-
seated instability and that this approach can explain the timing
of collapse. The aralysis is applied to dome collapses on
Mentserrat, and is used to explain mechanisticaily the potential
transition from quiescent to explosive collapse,

2 PRESSURIZATION MECHANICS

The idealized case of a hemispherical lava dome of radius b,
resting above a pressurized conduit, is first considered, as
ilustrated in Fig. 1. To aid the mathematical development, the
connection between dome and conduit is represented as &
hemispherical cavity of radius «. In modelling gas overpressure
as a function of position and time. general transient solutions
are developed to the harmonic pressurization of the dome core.
The radial diffusion of gas overpressure, p, within the dome is
controlled by the diffusion equation
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Figure 1. Schematic section through a hemispherical dome of externai
radius & overlying a gas-pressurized vertical conduit of radius a. The
conduit cap is hanmonically pressurized as p,=p; +cos 2and, generating
a gas uplift force, P, aad rear-scarp gas, FE,. or magma, F, disturbing
forces acting on the wings of a failing block of weight B and included
sector angle £ resting on a detachment surface inchined at an angle « to0
the horizontal, Failure initiates on release of the block toe, with failure
retrogressing to unfoof the pressurized core, resulting in the potensial for
spentancous disintegration or a directed explosion.

where x is the gas or lignid diffusivity of a slightly compressible
fiuid, r is the radial ordinate and 1 is time (Carslaw & Jaeger
1959).

Pensity and buoyant gas transport effects are ignored. as are
the dependence of permeability on gas saturation and stress
level and the unticipated minor role of 'undrained’ gus pressure
changes resuiting from the infiation of the gas cap. These effects
are anticipated to be of second order to the role of interior
gas pressurization at levels approaching lithostatic stress. The
medels more closely approximate the case of endogenous dome
growil: than that of exogenous dome growth associated with
lobes that break out to the dome surfuce, with associated
release of gas,

The steady solution for pressure diffusive flow is con-
trolled by the dome geometry, and transient and harmonic
behaviour is additionally modulated by the fluid diffusion
coefficient, k. and the frequency of the pressurization signal, w.
Dome destabilization and collapse is ultimately controlied by
the distributed form of this diffusing pressure signal, as embodied
in gas pressures acting on a poteatially unstable block, as
iliustrated in Fig. 1{a).

Solutions are developed in the following for the transient
harmonic non-inertial gas pressurization of a hemispherical
dome and applied to define the effect on time-dependent
instability. Of principal interest is the distribution of gas
pressures on planes of potential detachment that may develop
within the lava dome and that may lead uitimately to its failure.

2.1 Instantaneous inflation

The first step in developing the bharmonic solution is to
define the transient changes in interior gas pressure that resuit
from the Heaviside application of initind pressure, pi(r=ua), at
the dome core at time =07, This internal pressurization is
superposed on the existing gas pressure profile within the dome,
and is typically orders of magnitude larger than the non-
diffusive component (Voight er af 1999). For gas pressure
diffusion with radius r, the selution of
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for the boundary conditions

p=0 asr<h <07, {0
pe=p r=a 1200, ey
p= 0 r=b 1z=0% 3)

vields the following distribution of pressures:
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for u pressure of p,=p=constant at the dome core. This
sofution contains two primary terms: a first term, (b r}/{b—a),
representing the steady pressure profile and a second term,
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nm (b —a)

=1

diminishing with time that represents progress towards the
steady state. This solution is the basic component to be used in
defining harmonic behaviour,
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2.2 Harmonic inflation

Where interior harmonic pressurization of ampiitude dp; and
frequency w is overprinied on the Heaviside pressurization, the
interior pressure changes as p, =p; + dp; cos(2awi). The result-
ing radially decaying pressure profile will develop a harmonic

overprint as illustrated in Fig. 1(a). This radial distribution of

pressire may be determined by applying Duhamel's theorem
{e.g. Carslaw & Jaeper 1959),

' a
p= L b(z} «(f]-[ Flr, (1 = 1)ldr, (5)

to represent behaviouwr of the linearized system by super-
position. For this harmonic excitation, the forcing function
is (7} =dp; cos(Inewr), incorporating both the amplitude, dp;,
and the forcing frequency, w, of the interior pressurization.
Substituting eq. (4) for F[t, (r—7)] in eq. {5} aad using the
forcing ¢(t)=dp; cos{2nwr) yields the harmonic solution for
null mean pressurization, p;=0. Further adding the Heaviside
solution of eq. (4) results in a full solution for the instantaneous
appiication of core pressure p,=p;-+dp; cos(2rwr) against a
null background pressure,

_ b-r &2 {r — a}
pP=py {(b—u} Zn_nsm[’ (b-—u)]

n=i

% /’D[HJD in, 7p, i f] . {6)
m b

with the component Fp defined as
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in terms of the ancillary varinbies
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and y={} —{a/b)}. The accompanying coefficients, 7p. 7, wp
and #p, arc non-dimensional. The most significant in a physical
sense are those representing dimensionless inflation frequency,
mp, and diffusive time, 1p. Again, eq. (6) comprises two com-
ponents. the first representing steady behaviour [(b—r)/(b — )}
and the second,

=2

2

n=1i

- sin [mr ——é;} : 2)} Foli.

the combined transient and harmonic effects, embodied in the
term Fpltop, (p, Tn, dpilp, albl ofeq. (7). The square-bracketed
terms represent the functional dependence of Fp.

In eq. (7}, the first term represents the transient behaviour
and the second the harmenic response. As rp— oo, the frst
exponential term collapses, leaving the steady hasmonic portion.
In this dynamic steady state there are two end-member

-
=
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behaviours of note. The first 35 at high inflation frequencies
where wp— oo, ip—0 and Fp—0; the resulting radial pressure
distribution approaches that for inflation at a constant mean
pressure of p,=p;, and inflatien {requency has no influence.
The second is at very low inflation frequencies, relative to
the gas diffusivity, where wp—0 and consequently np—1
and the interior pressurization becomes synchrorous with the
core pressurization as {dp;/p) cos{2raptp). In this mode, at
very low frequencies the pressure profile will be at all times
steady, and will monotonically approach the instantancous
core pressure with decreasing radius; for wp—Q the resulting
inflation-synchronous pressure distribution is given everywhere
as a multiple of the steady pressure distribution as

afb-r)
r{b-—a)’

=i+ dp cc}s(?anlD)]

2.3 Block uplift force distribution

In determining the influence of gas pressure diffusion on
stability, it is the integrated effect of induced overpressures,
acting on a critical surface, that is of interest. Dome gas
pressures may concurreatly produce downslope block disturb-
ing forces and a corresponding decrease in strength on critical
failure surfaces. Correspondingly, it is the effect of gas pressures,
integrated over a potential detachment surface, that provides
fluid upiift and o corresponding reduction in frictional strength.
Eg. (6) may be integrated over a plane that cuts the hemi-
spherical dome geometry, as illustrated in Fig. 1(a), to yield an
equivalent uplift force. . Noting that the compenents of #p.
tiz. wp, o, dpidm, np and afb are all independent of the space
dimension, r. enables the straightforward integration of eq. (6),

" g bh-—r) &2 {r—da)
P oepy j { B =a) Z i [mr = ﬂ)}

n-l
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where the relations

h sintl

Sin{a+0) ¢
b (13)
di sine 4 1)
and

b sina (14)

- sin{z + ()

may be extracted from the geometry described in Figs 1(a)
and (b), where the symmetry of the solution with & is noted.
Eq. (11} is evaluated numerically to define the relative effects of
harmenic pressurization of the dome core. and ultimately to
define this effect on stability.

3 PRESSURE RESPONSE

The pressure response is examined in this section to define
limiting behaviours, and in Section 4 to define how these pressures
may mediate dome collapse. These results are subsequently
appiied to explain the dome-coliapse chronoleey obscrved at
Soufriere Hills volcano in Section 3.
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The upiift force acting on an inclined surface provides a
useful index of instability, #nd is a key component in evaluating
the evolution of instability. The full transient form of the uplift,
embedied in eq. (11) degenerates to & harmonic steady state at
late times (fp>0.3), and has straightforward limiting magni-
tudes at high and low pressurization frequencies. Conseguently,
significantly simplified relations may be used to define the
destabilizing magnitude of upiift if both the duration of the
transient inflation period is evaluated and a narrowed range of
limiting excitation frequencies is determined. These ranges are
defined as follows.

3.1 Parameter ranges for Soufriere Hills volcano

As identified in egs (11} and (7}, the mugnitude of uplifi is
controlled by dome geometry, the inclination of the potential
detachment surface and the crucial parameters of forcing
frequency. w, and the relevant transport parameter of fluid
diffusivity, r.

Broad ranges of these parameters are available for collapses
of the dome at Soufriere Hills Volcano on Montserrat, BW1
(Voight & Elsworth 2000). Conduit radius is estimated at
15 m {Voight er al 1999) and, combined with an observed pre-
coliapse external radius of about 200 m, vields a ratio b/u of
close ta 10. Tilt measurements (Voight ef ol 1998a) indicate a
steady infiation frequency of the order of 2 cycles day ™' that
probably results from oscillatory losses of volatiles in the melt
to the conduit wall rocks, with a corresponding increase in melt
viscosity {Wylic er o 1999). Magma properties were reviewed
by Bingwell (1997). Magnitudes of fluid ditfusivities may be
estimated from permeabilities, &, fluid viscosities, g, and elastic
parameters of modulus, E, and Poisson ratio, v, as

kK E (-

FELT Y =2

(Rice & Cleary 1976). For a Poisson ratio of v=023, a
modulus of the dome materials with between 10 and 0 per
cent meit of 2.8-77 GPa (Dingwell 1997) and 2 viscosity of
steam at 806 °C of 107* Pa s results in diffusivities of the
order of 1£=k/10"Y m® day ™! for k in metres. For unmeasured
permeabilities in the anticipated range 10~ '"¥24>10" m?
(Voight & Elsworth 2000}, this tesults in diffusivitics in the
range 10° 2Kk 10" m® day ', Together with an observed con-
duit pressure cyciing of 2 per day {Voight er al. 1999; Wylic
ef al. 1999; Denlinger & Hoblitt 1999), these parameters give
non-dimensional inflation frequencies of the order 10* 2 wp = 10°.

3.2 Time to steady states

The time taken to reach the dynamic steady state is con-
trolled by the fluid diffusivity and geometry through the
non-dimensional diffasive time. 1p, of eq. {10). The onset and
termination of the transient effect on the aggregate uplift force
may be indexed relative to the time taken to reach 5 and 95 per
cent of the steady pressure distribution through the diffusive
times 15 and 1. These respectively index the onset of potential
inflation-induced instability, its duration, and the utility of using
simplified expressions for steady behaviour in the evaluation
of stability. Results are documented in Fig. 2 for a variety
of dome dimensions. Pressurization times are shortest for
potential detuchment surfaces passing closest to the dome core,
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Figure 2. Dimensionless time to reach 5 per cent (rf;: dashed) and
95 per cent {15 solid) steady uplift force, P, on planes cutting the toe of
a centrally pressurized hemispherical dome of different inclinations «.
Core pressure is held constant foliowing its application, Equitibration
time is independent of inflation pressure P

where aggrepate uplift forces are correspondingly largest.
For relatively lurge domes straddling relatively small-diameter
conduils {b/a=10), the duration of the transient component
is of the order 15 ~0.3. For the Soufriere Hills volcano, for
the estimated range of fluid diffusivities. /¥ is of the order of
110 000 day. The breadth of this estimate reflects the relative
uncertainiy in determining the finid transport properties of the
dome lavas.

3.3 Steady barmonic response

Subject to the constraint that the transient portion of the
behaviour is essentially compilete, degenerate forms ef eq. (11)
provide a conveniest means of evaluating uplift and defining its
influence on dome stability,

3.3.1  Limiting behaviowrs: aip—w or wp—{

The radial symmetry embodied in the problem description of
eq. {i1) enables closed-form solution for limiting frequencies
of the steady mon-harmonic case where 1p— o0 and alternatively
wp—op or wp—0, For the first of these cases {mp-» o), the
steady upiift magnitude, P, is defined in terms of the mean
inflation pressure, p;, the dome geometry. b/u. and the inclination
of the failure plane, o, only as

2nba e
Y TRl iy B § ¥4 “Licos Ll ¥ -t -t
P =p; e {d[t ash ™' {cose) — tanh [coi(z +4)H
xcesa—i-];(sina—l){si11a+3)}. (13)

Conversely, at very low frequencies, where the pressure distri-
bution reaches a succession of steady states with the interior
forcing pressure, the upliit force is obtained by muitiplying
£q. {15} by the factor
dlpy
1+ cos(.?mugr;)}] ,
4
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Guy pressurization and failure of lava domes 191
uplift force predicted by eq. {i3) is shown in Fig. 3 for the
limiting cases of wp— oo and wp—0, where the non~dimensional
parameter [PHpb )b —a)lu is used. As noted previously, the
limiting uplift magnitude for low non-dimensional frequencies
is doubie that for high frequencies. The question remains as
to what actual ranges of non-dimensional frequency, interior to
the full range between zero and infinity, represent effective
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Figure 3, Non-dimensionalized peak uplilt force, P, applied on a
plane cutting the toe of a hemispherical dome and inclined at an angle o
for the limiting cases of wp-+wo and wp-+0. Hirmosic pressurization
from nuli to peak amplitude with dpifp=1. For any pgiven plane
inclination, Pyalop=0]=2P,.[mp=w].

described previously in Section 2.2, The maximum upiift
intensifier is of the order of 1+dp;/p;, which for an expected
inflation cycling between null pressure and a peak amphitude of
double the mean represents a doubling of the uplift. The peak
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[tmits to this behaviour,

3.3.2  Interior to the limits o0 » wp»0

The simplified expressions representing sicady harmonic
response, defined in eq. (13), arc essentially correct for a
ringe of non-dimensional frequencies less broad than the
range 0— — oo (as is apparent ir Fig. 4). For realistic dome
dimensions, peak harmonic uplift magnitudes are shown to
prevail for 10°2 wp > 107" for relatively large domes (Ma > 10},
and to move slightly upscale, 107 = wp 2 107, for relatively small
domes (bl <2), us illustrated in Fig. 4. For the krown geo-
metry and inflation history of Soufriere Hills volcano, non-
dimensional inflation frequencies are estimated to be of the order
of 10°-10°%, suggesting that the wp— 0 solution is applicable only
aver the lower part of the frequency range. Correspondingly,
the anticipated uplift force may approach that corresponding to
double the mean pressure, as suggested by the peak multiplier
b+ (dpi/p) cos{2rwpip)] tpplied to eq. (15).
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Figure 4. Magnitude of peak steady uplift force, Plfp;/p;= 1], relative to the steady non-harmonic Pldpi/p;=0] for pianes of different inclinations,
&, and for differen: forcing frequencies {(mp) and dome peometsies: {a} Mla= 100, (b) Ma= 10, (c) Mla=35; {d) bla=2,
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3.3.3  Harmonic rise tinies

For very high- and very low-frequency cyching of pressures
within the dome core, relative to the reciprocal of fluid
diffusivity, the steady harmonic solutions adequately describe
the onset of pressurization and the development of average
uplift forces. The rise time to steady behaviour is adequately
described using the non-harmonic form of eq. (11) or Fig. 2.
For intermediate [requencies, viz. 10° > mp = 107", depending
on the geometric ratio bfu and inclination angle o, pressure
rise has an overprinted harmonic, as Hlustrated in Fig. 5 for
dome dimensions b/a from 2 to 100, These transient results are
asymptotic ta the same peak steady magnitudes as reported in
Fig. 4, but the overprinted harmonic in the mitial rise time is
significant in representing the cycling towards instability. At
non-dimensional frequencics, wp, of the order of 10°-107 and
centred on 10', peak pressures build cyclically in the initial rise-
time period for rp < 0.3, This opens the potential, at a relatively
narrow range of materigd and excitation parameters, for progress
towards failure building non-monotonicaily and not eccurring
on the first pressurization cycie. This behaviour is coasistent
with that observed tor the 1996 and 1997 dome collapses of the
Soufriere Hills voicano, Montserrat, where collapse occurred
only after a number of cycles (Voight e al. 1999). Evolution
towards instability and the potential for ultimate failure may be
evaluated by considering the limiting equilibrium of the dome
and associated potential collapse structures. This analysis follows.
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4 COLLAPSE MECHANICS

The full influence of gas pressurization on dome instability may
be evaluated if the caleulated pressure distribution is applied to
an assumed failure geometry. A potentially unstable, isolated
block is defined by an arbitrary basal sliding plane passing
through the hemispherical dome inclined at an angle « (Fig. 1a).
Gas uplift pressures sct on this basal surface. The block is
assumed to detach along a steep rear surfuce, on which gas
pressures can act in a directien that tends to destabilize the
biock. The theoretical stability for & block with this geometry
is less than that for a biock defined by 2 single basal plane
that passes completely through the hemispherical dome. The
specific geometry of this rear block surface is arbitrary, but for
analytical convenience H is assumed that the unstable block
is defined by the basal plane, and by two planes that form
perpendicular bisectors with the basal plane. The two bisector
planes are separated by the sector angle & and thus the
idealized lava dome fuilure is a ‘sector failure’ (Fig. 19). The
assumed geometry is consisient with the natural development
of radial fractures in growing lava domes.

4.1 Factor of safety

For the block defined in Fig. 1(z), the ratio of resisting
to disturbing forces defines stability in terms of a “factor of
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Figure 5. Magaitude of peak steady uplift force, Plr}, relative te the steady non-harmonic Pldpdpi=4] lor planes cutting the toe and inclined at
a=235" and for different forcing {requencies (mp) and dome geometries: (a) bla= 100; (b) b= 10; () bla=3; (d) bla=2.
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safety," F,, as

- A+ (Weose— 8l sine — P)tang
* T W(sina + dcosa) + (dnky /) sin(E/2)

(16)

where H is the block weight, ¢ and ¢ represent cohesive
strength and frictional angle, A4 is the area of the busal failure
plane, & is a horizontal pseudo-static seismic acceleration
expressed as a fraction of the aceeleration of gravity g, and F¥,
is the downslope force due cither to ‘magmastatic’ pressures,
Fi or to diffusing gas pressures, £, acting on the rear of a
block of included sector angle €. Failure along the planar basal
surface is assumed in order to simplify mathematical treatment
for this ‘feasibility’ unalysis. The relation F, <1 implies faiturc.

4.2 Geometric components

The weight, ¥, of the bleck both drives failure and provides
frictional resistance on the mobile sector of the circular fathure
plare. The downslope disturbing force is further resisted by
cohesion zpplied over the area of the failure plane, 4. For a
failure plane inclined at angle « to the horizontal (Fig. 1}, the
geometric relationships of failure plane area, A, block volume,
¥, and weight, ¥, for a dome of unit weight, v, ure

A =nbcostu tn

and

]

Wb = | bt - A

hsina

7 )
=y.ub [%-»shm(f w%sin' a)} \ (18)

where these quantities are evalnated for the entire spherical
cap and may be substituted directly in the stability relation
of eq. (16}

4.3 Gas and magma pressures

In addition to the uplift pressures, defined previously, that
contribute {o the reduction of effective stresses and strength on
the failure plare, two additional sources of disturbing forces
may alternately act. Destabilizing pressures on the block rear
may result from the radial outwardly diminishing distribution
of gus pressures or the downward-increasing magmastatic
pressures. The magmastatic force per unit width across the
block rear is evaluated from the unit weight of magma, vy, as

1
ft'ﬂ = ; Tm .Vimx cosa, ( 19)

With ¥ = (b°—x°), to vieid the total magmastatic force
J y g

o5 beosx 1 . .
Fo= L Sindx = J" 5 Tm(0? = ) cos zadx
LTINS Vo
=3 T cos™ i 1 —zeosiel. (20}
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Conversely, if radially diminishing pas pressure is the oniy
disturbing component present, the resulting gas foree is

Vitex? pheosz s
. ai(b-1) 2 far(r—a)
FE oy - - = plsideh W
m S -Lsin: jﬂ r { {b - “} Z i s“]( (b - Cl)

n==|

i
XFp [m{)‘ Ip, Tp, f}& %] }d-\'tlv, (21}

7

with P =x*+3* This solution closely follows that for
uplift pressurization of the circular detachment plane. and
Folwn, 1o, an, dpidp;, alb) is as defined in eq. {7).

These components provide the final unknowns in defining
the prevailing mechanisms and timing of dome collapse.

4.4 Non-dimensional parameters

Evolution towards collapse may be indexed directly through
the factor of safety, F,, The factor of safety may be defined
by a minimum number of non-dimensional parameter groups
that represent important component responses of the system.
Noting the functional dependences of eqgs (11), (17), {18), (20)
and (21} as they contribute to eq. (16) enables a minimum set of
non-dimensional groups to be determined. These are

[ [EM
S| PR 1N (22)
tan g v.b tan ¢ b T

= #pl.|

1,0

representing on the right-hand side, respectively, componenis
of strength, gas or magma pressurization, geometry and seismic
loading. Representation in this form enables broad classes of
instability behaviour to be defined.

5 COLLAPSE BEHAVIOUR FOR
SOUFRIERE HILLS VOLCANO

Similar to the poor constraint on the fluid transport parameters
that are representative of cooling dome lavas, the strength
characteristics are only slightly better defined. For the Soufriere
Hilis velcano on Moniserrat, observed tiltmeter deformations
and ballistic throwout suggest cavity pressures in the range
510 MPa (Voight er al. 1999), and the observed slow ejection
of a 100 m spine {from the dome top is consistent with ¢~ pairs
in the range 0.9 MPa-15° to 0.5 MPa-45° {Voight & Elsworth
2000). These data are combined with the observed external
radius of the dome of the order of 200-250 m and a conduit
radius of about 13 m, To simplify the interpretation of the
results, i ratio of bla«= 10 is used as broadly representative of
the peometry.

For an unpressured homogeneous dome, the stability of the
dome is iliustrated in Fig. 6(a) for a variety of friction angle-
coheston pairs. Where the dome strength is increasingly derived
from frictional resistance. the inclination of the eritical failure
plane increases. Cooled and fractured lavas on the exterior
of the dome with high frictional strengths may fail on steep
detachment interfaces that pass through the dome toe, but will
be unlikely to cut close to the dome core; as a consequence,
unroofing of the cap will be unlikely, When cohesion comprises
a progressively greater component of the mobilized strength,
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Figure 6. Varintion in factar of safety, F,, with inclination of the detachment plane, , for maximum steady harmonic inflation. (i) For unpressured
domes with bl >3 and for e-4 pairs of 2.5 MPa-14°, (1.5 MPa-25* and 0.1 MPa~45°. (b) and (c} show the variation in £ for furge domes (b/a =10}
for more {rictional (d) shows the effect of increased internal conduit radius on stability, Each figure contrasts the stability ef an unpressured dome with
that subject to the minimusm {eip> 10%) and maximum (mp < 107"} steady harmonic effects, and with the further overprint of seismic accelerations for
=)l g. For the harmonic effects, py»=35 MPa and dpdp;= 1, with pif{3.) = 1. Dome exterior radius is #=225 m.

perhaps representative of partly molten materials closer to the
core, the critical failure surface becomes shallower but is alse
innately more stable, as is apparent in Fig. 6{a). Thus, iaterior
pressurization, of sufficient magnitude, may be a key com-
ponent for failure to progress close to the core in the kot and
cohesive materials that comprise the interior. The appropriate
overpressures that may result in collapse, and the form of
any resulting collapse, depend jointly on the magnitude, the
periodicity and the transport properties of the dome Iavas. These
behaviours may be examined both in terms of & harmenic steady
state, to evaluate the potential for collapse, and as a transient
harmonic response, to evaluate the timing of this collapse.

5.1 Maximum steady harmonic response

The stability of an unpressured dome, of geometry similar to
that of the Soufriere Hills lava dome, is metastable for dome
material cohesion of 0.5 MPa and a friction angle of 257,
Interior pressurization will decrease stability, as noted for the
relevant geometry of Fig. 6(b). Ultimate stability is represented
for the maximum and minimum effects of pressurization
at a mean pressurization magnitude of 5 MPa and at the
harmonic steady state (Fig. 6b). The maximum stability under
pressurization is for high-frequency inflation with wg > 10% and

for a collapse surface inclined at about 35° to the horizeatal.
The minimum ultimate stability results at low dimension-
fess frequencies with wp< 107" and exhibits a propensity for
increasingly decp failures {on shallowly inclined detachment
planes) to develop that are able to tap the high-pressure
magnitudes close to the dome core and potentially unreofl the
conduit cap. Superimposing a pseudo-static seismic acceleration
of 0.1 g. representative of the seismic activity at Soufriere Hills
volcano, further destabilizes the cap,

As the cohesive strength of the dome is increased, the
unpressured dome transits from metastable to stable. For
the c—¢r pair 2.5 MPa~15°, the effect of interior pressurization
is insufficient to bring the dome to fuilure, as illustrated in
Fig. 6(c), where f.>1. Even the overprinted effects of slow
harmonic pressurization {wp< 107" and moderate-intensity
pseudo-static earthquake loading (§=0.1 g} are insufficient to
bring the dome to failure.

Where the effective diameter of the conduit is incrensed,
as iHustrated in Fig. 6(d). the stabiity is further reduced from
the case of a smaller conduit, as the effect of the internal
pressure is effectively transferred further into the dome rocks.
This situation may also represent the case where the interior of
the dome is ruptured, or of higher than average permeability,
with & corresponding reduction in the steady-state stability.
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It is clear from these scoping studics that a refatively
narrow ringe of strength parameters constrain the evolution of
un unruptured dome, with the cohesive parameter ofy,h tan ¢
contreiling this behaviour. For relatively large cohesive
strengths, the dome is increasingly more stable, ard rupture,
if it is able to develop, will follow increasingly deep trajectories.
Thus, deep-seated failure of the dome cap, with the attendant
potential for explosive unroofing of the conduit (Fig. ia),
requires both sufficiently high cohesion to avoid shallow ravelling
failure during dome growth and sufficient late-stage over-
pressurization to cause deep fracturing of the core. If the dome
rocks are insufficiently cohesive, resulting from viscous or block-
interfock effects, high-angle collapses of the outer shell will
occur episodically with dome growth, dissipating core pressures
ir 2 relatively benign manner. Conversely, cohesive materials
may build farge-diameter, steep-sided domes that remain
stable under nuil pressurization, but may fail on deeply incised
detachment planes with appropriate magnitude, duration
and frequency of the applied interior pressurization. With
this collapse potential defined, the remaining issues relate to
the required duration and frequency of pressurization and the
expected timing of collapse.

5.2 Transient harmonic response

As anticipated from the previous discussion of integrated
uplift pressure as a suitable, but insufficient, index for collapse.
the progress to failure may be followed by using egs (16)
or (22) directly. Results are shown for the transient stability of
the pressured dome for the two dimensionless geometries
corresponding to bfu values of 10 and 3 in Fig. 7. A nominai
inflation frequency of 2 cycles day ™! (Voight er al. 1999; Wylie
ef gl 1999} is used for a moderately cohesive dome of mid-
range cohesion and friction angle representetive of the meta-
stable cases of steady harmonic instability of Figs 6{a) and (b},
As anticipated, for both geometries the approach to instability
occurs over the initial rise-time interval of 0<tp <0.3. Each
of the curves in Figs 7(2) and (b) represents an order-of-
magnitude chunge in fluid diffusivity, r{wpecl/s), but with
the same excitation of the 5 MPu interior pressurization at
2 cycles day ™' and for constant strength parameters. At low

2 T T T
bia=10
" =it
3
o
i
- \
B
j waﬂﬂd \ =1 IV
o
b=225m
w=2iday
o ' ) c=0.5 MPa, =25"
0.0 0.2 0.4 0.6 0.8 1.0

Dimensioniess time, 1L=xtb’

(a)
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fluid diffusivities, corresponding te low permeabilities and high
non-dimensional frequencies, wp, the harmonic overprint of
the interior pressurization is completely masked in the failure
response, i.¢. for ap > 10%, Progress to instability is assentiadly
monotonic, and will occur if the mean interior pressurization
is sufficiently high to overcome the strength of the dome.
Conceivably, cven for this monotonic progress to failure, a
discernible signai of harmonic dome tiit and deformation may
be apparent and measurable, aithough the effect on instability
is small. Conversely, at intermediate finid diffusivities and perm-
eabiities and non-dimensiona! frequencies {10°>wp > 107,
the role of the harmonic overprint is crucizl, as progress to
potential failure is no longer monotonic but for a linear system
is still constrained to within the rise time 1p <0.3. Failure is
assumed where the factor of safety trace first crosses =1,
with the potential for a variable number of cycles to have been
completed within this rise time, as is apparent for wp=10" in
Fig. 7(a). As non-dimensional frequency drops, corresponding
to high fluid diffusivities and permeabilities and low non-
dimensionai pressurization frequencies, the peak instability is
met on either the first or the second cycle of pressurization,
synchronous with the interior forcing, and results in failure
conditioned by the cycle time alone, independent of the afore-
mentioned rise time, fp < 0.3, In this situation, failure can only
occur on subscquent cycles either if there is a fatigue-related
loss of strength, a loss of strength by some other means, ie.
injection of weaker material or a change in transport charac-
teristics of the dome materials, or if source overpressurization
in the dome core builds up.

For plausible dimensions and strengths of the Soufriere Hilis
volcano in Montserrat, mean core pressurization at 5 MPa with
a harmonic overpressure of 5 MPa is shown to be sufficient to
induce failure (Fig. 7a), even for a relatively shallow inclination
of the potential detuchment surface at 357 above the horizontal.
It has already been shown that the critical rupture surface may
be more shallowly inclined, so these transient harmonic resuits
underestimate the full potential for instability. Where the core
riclius is further extended, perhaps representing the presence of
a soft mapmatic core interior, then stability is further reduced.
For bla=35, as shown in Fig. 7(b), the degree of instability is
compounded by the effect of interior pressures permeating
further out towards the dome periphery.

- P . . T
£=0.5 MPa, $=25" bia=6
w=2/day b=225m

=35

12, o

A =10

g ‘ .

E 1k w“"mﬂ:10 (ua='|02

B
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&

N

wy=1 o’
o . : : .
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Figure 7. Variationin factor of safety, Fi, with time for harmonic pressurization of o hemispherical dome. Gas pressures act on the rear scarp, Results
are for a 225 m external radius dome of bfu=10 {a) and 5 {b) and for constant value of o3, b tan $y=0.2. Sector angie, &, 15 180°.
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6 THE 1996 AND 1997 DOME FAILURES
OF THE SOUFRIERE HILLS VOLCANO

Dome failures at the Soufriere Hills volcano in 1996 and 1997
followed periods of harmonic tift deformation and RSAM
activity, generally inferred as proxies for gas overpressurization
of the underlying conduit cap (Vaight ef af. 19982, 1999). These
cycles of activity were remarkably harmonic, with & mean
frequency of 2.6 day™?, with failure in one case oceurring
on the minth cycle after 3.5 day. Tilt measurements and the
observed expulsion of a lava spine te 100 m above the dome
top constrain maximum interior gas overpressures to the range
3-10 MPa.

These well-constrained observations allow two different
hypatheses for collapse to be tested. The fiest is that failure
occurred within the initial rise time of the interior pressurization
as a peak pore pressure built at 4 critical Jocation within the dome
carapace; in this case the harmeric overprint of pressurization
is merely incidental and contributes only marginally to the
ultimate failure. These faitures result from pressurization at
high nen-dimensional frequencies, wp > 10%, and may be the
most quiescent, s failure is veached over a number of repeated
cycles, enabling failure to occur in the external skin of the dome.
The second s that failure occurred beyond the rise time, after
the establishment of 2 harmonic steady-state pressurization
within the dome materiais, and the advance 1o failure was
prompted by weuakening of the dome rocks, either by fatigue,
or an expanding volume of weak, less-crystalline magma in
the dfome core, or joss of interlock between biocks, or rapid
hydrothermal weakening on critical detachment surfaces, or by
block detachment at the dome toe (Voight & Elsworth 2000},
or from the inertial forces of a well-timed earthquake,

For failure within the rise time of pressurization, the
transport parameters of the dome lavas may be narrowly con-
strained. For example, for collapse on the ninth pressurization
cycle, after 3.5 day, for a 200 m externab-radius dome and
noting that during the rise time 15 <0.3 (Fig. 2), an upper
limit of fluid diffusivity of 1 <3.4x10° m? day™' is given,
For interior pressurization between 3 and 10 MPs, the fre-
quency of pressurization is 2.6 cycles day™' (Voight er ol
1998a) or wp>30. The progress towards failure for dome

i.8
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inflation ut 2.6 cycles day ™! and for k=34 % 10° m® day ™' is
shown in Fig. 8(a) for contrasting overpressures and average
dome strengths. For the plausible c-¢ pair of 0.5 MPa-25°
[efyd tan ¢ =0.2] (Fig. 6b). inflation to a mean pressure of
5 MPa with a harmonic overprint of +35 MPa is insufficient
to cause failure on 2 detachment surface inchined at 35°.
Raising the interior pressure to 1045 or 100 MPa is capable
of bringing the dome to failure, but the second of these is
incompatibie with cyclic pressurization inferred from the tilt
measurements. In the fiest case, the peak overpressure is 15 MPa,
also near the extreme limit of plausible pressurization magni-
tudes. Notably for this threshold fiuid diffusivity and observed
pressurization frequency, the rise-time behaviour is given by
the mean interior pressure alone (i.c. with wp = 10%).

Alternatively, reduced average strengths of the dome lavas
may be considered in an attempt to bring the structure closer to
failure. If cohesive strength is suceessively reduced synchronously
with an inerease in frictional resistance to 0.33 MPa-35°
[efyd tan ¢ =0.1] and 0.1 MPa-45° {ciph tan $=0.02}, the
dome remains stable on the prescribed 357 detachment surface
(Fig. 8a). It should be noted. however. that the dome will
be umstable on steeper detachments, even in the absence of
pressurization. as illustrated in Fig. 6(a). and a block release
at the toe is a possible mechanism for successively deeper,
dome-transecting collapses.

A sccond hypothesis is that the failure cordition is not met
within the rise time and failure therefore results from pro-
gressive fatigue weakening of the dome, progressive ‘interior-
weakening' of the dome via cumulative injection of weak lava, a
second long-period {monotonic inflation over a period of days)
vise in pressurization superimposed on the twice-daily inflation
or the transport parameters of the dome lavas changing with
any of these fatigue-weakening or long-period pressurization
modes. Seme of these mechanisms may act simultancously and
cumulatively to push the dome to failure. For ali these prior
failure modes, the fuid diffusivity of the dome lavas is no
longer constrained by the rise time, and stability behaviour for
increases in diffusivity by one and two orders of magnitude are
shown in Fig, 8(b) for e-¢ values of 4.5 MPa-25°. Relatively
low-order inflation pressures of 3+5 MPa are sufficient
(for £23.4 % [0°) to bring the dome to fuilure. and here the
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Figure 8. Variation of facter of safety, £, with time for the geometry of the 1997 Soufriere Hills dome collupses with 5=200 _u= |5 m and inflation
with a frequency of 2.6 cycles day ™", (a) represents behaviour for a single fluid diffusivity of 3.4 x 10 n® day ™. representing progress toward faifure
in the rise time of 3.5 day. (b} represents faijure with different fluid diffusivities, with tate.cyeie fuilure resulting from fatigue-induced changes in

transport propertics of the dome.
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magnitude of the overprinted harmonic component of 45 MPa
is crucial. Notably, for n<3.4% 10", wp20.3 and induced
uplift pressures are close to the maximum steady harmonic
response of wp<10™' of Fig. 6(b). Immportantly, for failure
in these modes the dome is close to fatlure on a broud range of
low-angle detachment surfaces, evidenced by the flat slope of
the Fy versus « trend in Fig, 6(b) for mp <1077, representing
post-rise-time failure. This, in contrast to generally higher-
angle initial failures that might occur within the initial rise-time
period, may denote a fundamental difference in failure mode.
Intrarise-time failures may be relatively quiescent, as steep-
angled shallow detachment encroaches insignificantly towards
the dome core, whereas late-time dome-weakened failures
may more directly transect and unroof the deme core, resuit-
ing in explosive disintegration of the dome and catastrephic
defragmentation of lavas in the urderlying conduit,

Most notably, this iransition from relatively quiescent pre-
gressive coilapse to energetic, explosive rupture is conditioned
by narrow ranges of strength, overpressure magnitudes, inflation
frequencies and transport parameters, and may partly explain
why only some domes rupture explosively, Alternative dome
models, including those represented by a soft cohesive core and
« hard frictional outer shell, could also expiain the transition to
deep transection and unroofing. These models are similar, in
the limit, to the more collapse-susceptible thin-shelied domes
described, e.g, for bla=35 in Fig. I{b).

7 CONCLUSIONS

Our analysis has considered the potentiai role of harmonic
interior gas pressurization as a critical cause of the delayed
failure of iava domes, In describing delayed fafiure and the
range of observed collapse modes—irom refatively quiescent
gravity collapse to explosive failure—two general hypotheses
appear feasible.

The first, that failure occurs as gas pressures build to a
critical level in the dome favas, requires that the fluid diffusivity
is sufficiently low that maximum average overpressure is within
the rise-time period. For the 1996 and 1997 Soufriere Hills
voleano dome faifures this collapse mode seems only marginaily
feasible for two reasons. The first is that relatively high interior
sustzined overpressures are required for faiture, of the order
of 10 MPa, with an overprinted harmonic component of
45 MPa, which are at the upper limit of plausible magnitudes
(Voight er al 1999}, The second is that for a broad range of c-¢
strength magnitudes and subject to expected pressurization
magnittdes, only failure of the exterior of the dome carapace
will oceur (Fig. 6a}. If the dome lavas are highly cohesive, low-
angle rupture of the dome is possible and failure is insensitive
te gas overpressures, as is apparent in Figs 6(a} and {c). This
mechanism favours 2 dome with a hard exterior shelf and a soft
cohesive core, If the dome lavas are predominantly frictional,
the dome will be potentiaily more highly affected by gas
pressurization, but the incursion of a detachment surface to
unroof the dome core is progressively less likely. it is con-
ceivable that the core may be unroofed by the retrogressive
failure sequence of Fig. 1(c), with u relatively low {riction angle,
of the order of § £ 25°, required for transection close to the core
(Fig. 6a). For ¢~25° large gas overpressures are required
for failure (Fig. 8a), and this makes fatlure by this mode less
likely. However, the case of ¢ «<25° is not tested here. Observed
faitures have been explosive and ure alse retrogressive.
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An alternative hypothesis is that failure occurs after the
initial transient period, when z harmonic steady state has been
reached. Reconciling how collapse may occur after the first
or second cycle of pressurization suggests that this is only
possible if structural change of the dome materials is feasible;
fatigue weakening, hydrothermal weakening, core weakening
by repeated injection of weak lava, or increases in dome perm-
eability are all feasible means of progressively approaching
this metastable state. In this mode, the expected gas pressure
diffusion response, and final resulting collapse, is not con-
strained by an upper limit of fluid diffusivity, derived from
the time to the steady state (e.g. %), For progressively larger
fluid diffusivities. steady peak uplift pressures approach the
hiarmenic upper Hmit, p;+dp; cos 2ren, synchronously with
the exterior pressurization. Thus a mean pressure of 5 MPa with
a harmonic overpressure component of -+ 5 MPa approaches
the high-frequency response for a mean pressure of 10 MPa
with any magnitude of superimposed harmonic component.
Correspondingly, the dome approaches metastability for much
fower average pressures for high fluid diffusivities thar it does
for low diffusivities,

The critical issue in defining the preference to failure by this
lew-frequency mode during the harmonic steady state period is
the potential that significant chinges in the average mechanical
and transport properties of the dome may develop within the
time frame of a few days. Strengths may be reduced by fatigue
weakening as a resuit of the cyclic pressurization through
plausible mechanisms of thermal cracking, minor hydraulic
fracturing, loss of block interlock with arching deformations,
hydrothermal weakening, as well as repeated injection of weak
volatile-rich magma into the core. Although timescales are
probably too short for significant hydrothermal alteration, all
the remaining modes remain feasible. In the absence of jong-
period growth in core pressurization, the observed growth of
a permanent set in recorded tilt measurements (Voight er al.
1999) underscores, in particular. the potential for loss of
interlock. The remaining weakening modes, eiz. hydraulic
und thermal fracturing, block rotations ard loss of interiock,
are likely to have the greatest reduction ir cohesion, with a
smaller effect on the frictional coefficient. These changes may
be sufficient to bring the dome structure to & condition of
incipient failure,

Accompanying the arching of the dome, loss of interlock wil
#lso probably resuit in changes in fuid diffusivities. Fluid
diffusivity is directly related to permeability and deformation
modulus #s

Lk _E (=)
L—,u(]+v) (I —2¥)

(Rice & Cleary 1976). Expansive deformations wilt create
new fractures and dilate existing ones, potentially increasing
the permeability, &, and reducing the effective modulus, £.
Neither modulus or permeability will return te initial magni-
tudes upon cyclic deflation, and the cubic dependence of bulk
permeability on change in fracture aperture will probably out-
strip the corresponding reduction in modujus. The timescales
for this mechanically mediated process are congruent with the
inflation process, and a significant increase in fluid diffusivity
couid develop during the enhanced inflation period of a few
days that is asseciated with cyclic pressurization. Indeed, the
rate of diffusivity increase is controlled jointly by the mechanical
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properties of the dome lavas and the severity of the gas
pressurization, independent of any other timescale. A readily
attainable increase in fluid diffusivity of two orders of magai-
tude may double the disturbing finid pressurization force if
the prior pressurization effect was at or near the threshold
minimum effect {wp=10%. This potentizl doubling of the
disturbing uplift pressure not only decreases the stability of
the edifice but promotes faiture on progressivety shallower
detachment surfaces, with the potential to more nearly transect
the dome core. A similar response will result if the interior
conduit is widened with the injection of a soft core (Fig. 6d),
effectively transmitting core pressures further into the dome
rocks. However, a mechanism for the transient expansion of
the ‘idealized cavity’ at the dome core by a factor of perhaps
two is not apparent,

These discussions note two potentizl modes of faifure.
The first, involving an injection of soft material into the core
materials, reduces strength with its progression and enabies
core pressures to be transmitted further towards the outer hard
shell of the dome. This dome may fail as a result of the overall
reduction in strength, defined in terms of total stresses applied
Lo the system. The second requires a progressive and achievable
increase in the fuid diffusivity of the dome materials to bring
the dome to failure and uitimately to result in its transection,
This mechanism requires no change in strength of the dome
with time, and may occur even after the dynamic steady
state has been reached. Although in reality weakening of the
dome materials and their increuse in diffusivity may occur con-
currently and additively, the plausible change in diffusivity is
potentially most damaging, since only small extensiona) straing
are necessary to amplify fluid diffusivities vastly. This is oniy
true for a specific range of diffusivity, inflation frequency and
dome radius triplets and perhaps heips to explain why only
some domes exhibit delayed faifure and why only some exhibit
explosive coliapse,
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