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A TRIBI.TTE TO MAURICE A. BIOT

Mauricc A. Biot (190!19t5)

In presenting Mauricc Anthony Biot with the Timoshenko Medal in 1962, R. D. Mindlin,
the eminent Professor at Columbia University, wrote: "Fundamentally, Tony Biot has a
strong consciousness of the physical world around him. He has a kecn insight which enables
him to recognize the cssential features of a physical phenomenon and build them into a
mathematical model without blindly including non-essentials. Then he has, at his fingertips,
a vast array of the tools of mathematical analysis and analytical methods of approximation
which he uses skillfully to extract, from the model, predictions of the hitherto unpredictable.
They are all too few such men these days." These words by Mindlin accurately portrayed
M. A. Biot as an intuitive engineer, who could master the advanced tools of a physical
scientist, and as a scientist who did not lose sight of the physical world.

Mauricc Biot was born in Antwerp, Belgium on May 25th 1905. The war in l9ltl-I918
and the siege of Antwerp caused the Biot family to travel first to london, then Paris, and
finally settling in Chamb€ry, France. Thesc moves matured the young Biot and exposed
him to scveral languages.

I:ter returning to Antwerp, M. Biot concluded his sccondary school. In 1923 he enrolled
at a school in Brussels for preparatory oourses in mathematics, and in 1924 was admitted
at the Universit6 catholique de Louvain. It was at this time that Biot showed his insatiable
appetitie for knowledge. While pursuing his studies in Engineering, Biot also attended
oourses in Philosophy (he was awarded a Bachelor degree in Philosophy in 1927) and
Economics. He obtaincd a Mining Engineering degrce in 1929, and an Electrical Engineering
degree in 1930.

After defending his thesis cntitled "Theoretical studies on induced electrical currents",
Biot was awarded a Doctor of Sciencc degree in 1931. The sponsorship of the Belgian
American Educational Foundation allowed Biot to spcnd the next two years in the U.S.
(1931-1933) at the California Institute of Technology in Pasadena. It was at Cal Tech
where he first met and worked with Theodore von Krirm6n, who had arrived in the U.S. in
1929. Biot acquired a Ph.D. in Aeronautical Sciences in 1932 by defending his work
"Concept of responsc spectrum based on the earthquake acceleration." The methodology
brought great simplifications to the analysis of structures under transient loading and has
since been used as a tool in earthquake-proof design. It was during the same period that he
published his first papers on a new approach to the nonlinear theory ofelasticity accounting
for the effect of initial stress. By that time he had published about a dozen rientific papers
and patented his first three inventions.

. l5l  5
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After a few months at the University of Michigan, Biot returned to Europe. In 1933 and
1934, the Belgian National Scientific Research Foundation granted him the opportunity to
travelto Delft, Gdttingen, and Zurich. With such sharp intelligence he was soon recognized
by the university community. [n 1934, Biot started his academic career as a teacher of
applied mathematics at Harvard University. In June 1935, he rcturned to Pasadena as an
Advanced Fellow of the Bclgian American Educational Foundation. By 1936, Biot was
elected to the faculty at his Alma Mater, the Universit€ catholique de Louvain, where he
taught Elasticity and Analytical Mechanics. From 1937 to 1946, Biot was a Professor of
Theoretical Mechanics and Physical Mathematics at Columbia Univenity. In 1946 Brown
University offered him the position of Professor in Applied Physics and Scienoes, which he
held until 1952.

It was in l9zt0 that the monograph Mathematical Methods in Engineering was written
with Th. von Kdrmdn. Its translation into nine languages is evidence of its influence on
scveral generations of engineers. Later in his career he wrote two more books: Mechanics
of Incremental Deformations (1955) and Variational Principles in Heat Transfer (1970).

The U.S. fascinated Biot, who found in it an environment conducive for research. Biot
became an American citizen in 1941. The war in Europe came to Biot as a major distress
and he took an active role in it. On lcave from Columbia University, he worked at the Cal
Tech Aeronautical Laboratory on problems of vibration and flutter, on the dynamic
stability of projectiles and also on anti-submarine shell impact. During the war, as a
Lieutenant Commander in the U.S. Navy, Biot headed the Structural Dynamics Scction of
the Bureau of Aeronautics in Washington, D.C. (1943-1945), and later conducted technical
missions in Europe with combat troops.

By 1951, Biot had produced a large number of scientific works for Shell Development
Co., Cornell Aeronautical Laboratory, and for the U.S. fur Force. After 1952 Biot worked
largely alone as a consultant for various governmental agencies and industrial laboratories.
From 1969 to 1982, Biot was a consultant for Mobil Research and Development Cor-
poration in Dallas, in the area of Rock Mechanics.

Relocated in Brussels since 1970, Maurice Biot continued his research until his last day.
It was on one of his last trips to the U.S. that Biot felt the early signs of his il lness that
would suddenly depnve him of his life on the l2th of Septembcr 1985, at the age of eighty.

The work and original contribution which distinguished Biot's career cover an unusually
broad range of science and technology including applied mechanics, sound, heat, ther-
modynamics, aeronautics, geophysics, and electromagnetism. The level of his work has
ranged from the highly theoretical and mathematical to practical applications and patented
inventions.

Aeronautical problems and fluid mechanics were the objects of most of his efforts during
the 1940s. He developed the thrcedimensional aerodynamics theory of oscillating airfoils
along with new methods of vibration analysis based on matrix theory and generalized
coordinates. This led to widely applied design proccdures of complex aircraft structures in
order to prevent catastrophic flutter. He also patented an electrical analogue flutter predictor
based on a simple circuit design which simulates aerodynamic forces. After the war he
continued work on non-stationary aerodynamic instability of thin supersonic wings, and
on the first evaluation ofthe transonic drag ofan accelerated body.

In the 1950s, Biot's work was concerned primarily with problems in solid mechanics,
porous media, thermodynamics, and heat transfer. He developed a new approach to the
thermodynamics of irreversible proccsses by introducing a generalized form of the free
energy as a key potential. The formulation was associated with new variational principles
and Lagrangian-type equations. The results with the introduction of internal coordinates
provided the thermodynamics foundation of a general theory of anisotropic viscoelasticity
and thermoelasticity. He later gave a systematic presentation of this work in a monograph
Variational Principles in Heat Transfer in 1970 and indicated its applicability to many other
problems such as those of elastic aquifers or neutron diffusion in nuclear reactor design.

Biot's interest in the mechanics of porous media dated back to 1940 with a fundamental
paper in soil mechanics and consolidation. He returned to the subject in the 1950s in the
more general context of rock mechanics in connection with problems in the oil industry.
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OD thc basis of his earlier work ia thcrmodynamics, he extcnded his thcory to the acoustics
in porous media and showcd that thcre cxistcd thrcc typcs of acoustic wavcs in such media.
In anothcr contribution hc was the first person to corrcctly provide the solution of the so-
callcd Stoncley wave, i.c. an interface wavc between a fluid ovcrlaying an elastic solid half-
rpace which, as some have argued, should more appropriatcly bc named after him.

For a short period in thc middle 1950s Biot bccame involved with rocket radio-guidancc
problems and the question of disturbance from ground rtflections. He showed that the
rcflection of elcctromagretic and acoustic waves from a rough surface may bc rcplaced by
a smooth boundary condition. He also introduced a new approach to pulsc generated
transient waves based on a continuous spoctrum of normal coordinates. The combination
of thc two methods providcd the only practical solution at that time of rcme important
problems.

In a scries of papers starting in 1957, Biot extended his carlier work in the mechanics of
initially stresscd solids, developing a mathematical theory of folding instability of stratified
viscous and viscoclastic solids. He verified the rcsults in the laboratory and applied them
to cxplain the dominant fcatures of geological structures. In particular, he brought to light
the phenomenon of internal buckling of a confined anisotropic or stratified medium under
compressive stress and provided a quantitative analysis. He applied the theory with the
same suooess to problems of gravity instability and salt dome formation. ln a later period
he presented a systematic treatment of the mechanics of initially stressed continua in the
monogtaph Mechanics of Incremental Deformations, published in 1965. In the 1970s Biot's
formulation of the variational principle of virtual dissipation in the thermodynamics of
irreversible processes along with a new approach to open systems led to a synthesis of
classical mechanics and irreversible thermodynamics. He applied these new theories to
directly obtain the field equations in systems where deformations are coupled to thermo-
molecular diffusion and chemical reactions. On this basis he also further developed the
theory of porous media including heat and mass transport with phase changes and adsorp-
tion effects.

The honors that Biot reccived during his lifetimc included the Timoshcnko Medal of the
American Society of Mechanical Engineers (1962), the Th. von KArmdn Medal of the
American Society of Civil Engineers (1967), and an Honorary Fellow of the Acoustical
Society of America (1983). He was also a member of the U.S. National Academy of
Engineering.

(Compilation based on the "Note on Maurice Anthony Biot" by A. Delmer and A.
Jaumotte published in 1990 by the Acad€mie Royale de Belgique, and on material supplied
by Madame M. A. Biot.)

A. H.-D. Crcnc
E. Derotnxrv

Y. AsouslerurN



General Theory of Three-Dimeusional consolidation*

Mevnrcr A. Bror
Columlio (Jnhtcrsitl, Ncu York, Nctts Yorh

(Received October 25, 1940)

The settlement of soils under load is caused by a phenomenon called consolidation, whose

mechanism is known to be in nany cases identical with the process of squeezing water out of

an etastic porous medium. The mathematicat physical consequences of this viewpoint are

established in the present paper. The number of physical constants necessaq'to determine the

properties of the soil is derived along with the general equations for the prediction of settle-

mentr and stresses in three-dimension-al problems. Simple apptications are treated as examples'

The operational calculus is shown to be a powerful method of solution of consolidation
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INrnooucrtoN

f T is well known to engineering practice that a
I soil under load does not assume an instan-

taneous deflection under that load, but settles

gradually at a variable rate. Such settlement is

very apparent in clal's and sands saturated with

water. The settlement is caused by a gradual

adaptation of the soil to the load variation. This

process is known as soil consolidntion A simple

mechanism to explain this phenomenon was first

proposed by K. Terzaghi.t He assumes that the

grains or particles constituting the soil are more

or less bound together by certain molecular

forces and constitute a porous material with

elastic properties. The voids of the elastic skel-

eton are filled with water. A good example of

such a model is a rubber sponge saturated with

water. A load applied to this system will produce

a gradual settlement, depending on the rate at

which the water is being squeezed out of the

voids. Terzaghi applied these concepts to the

analy'sis of the settlement of a column of soil

under a constant load and prevented from lateral

expansion. The remarkable success of this theory

in predicting the gettlement for many types of

soils has been one of the strongest incentives in

the creation of a science of soil mechanics.

Terzaghi's treatment, however, is restricted to

the one-dimensional problem of a column under a

constant load. From the viewpoint of mathe-

matical physics two generalizations of this are

possible: the extension to the three-dimensional

case. and the establishment of equations valid for

. any arbitrary load variable rvith time' The

theory was first presented by the author in rather

abstract form in a previous publication'2 The

present paper gives a more rigorous and complete

treatment of the theory which leads to results

more general than those obtained in the previous

paper.
The following basic properties of the soil are

assumed: (1) isotropy of the material, (2) re-

versibil i ty of stress-strain relations under final

equil ibrium conditions, (3) l inearity of stress-

strain relations, (4) small strains, (5) the water

contained in the pores is incompressible, (6) the

water may contain air bubbles, (7) the water

flows through the porous skeleton according to

Darcy's lau'.
Of these basic assumptions (2) and (3) are

rnost subject to crit icism' Hos'ever, we should

keep in mind that they also constitute the basis of

Terzaghi's theory, which has been found quite

satisfactory for the practical requirements of

engineering. In fact it can be imagined that the

grains composing the soil are held together in a

certain pattern by surface tension forces and tend

to assume a configuration of minimum potential

energy. This would especially be true for the

colloidal particles constituting clay. It seems

reasonable to assume that for small strains, when

the grain pattern is not too much disturbed, the

assumption of .reversibility will be applicable'

The assumption of isotropy is not essential andI Publication assisted bv the Ernest Kempton Adams
Fund fc Phvsical Research of Columbia University'- 
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anisotropy can easily be introduced as a re6ne-
ment. Another refinement which might be of
practical importance is the inffuence, upon the
stress distribution and the settlement, of the
state of initial stress in the soil before application
of the load. It was shown by the present authorr
that this influence is greater for materials of low
elastic modulus. Both refinements will be left out
of the present theory in order to avoid undue
heaviness of presentation.

The first and second sections deal mainly witJr
the mathematical formulation of the physical
properties of the soil and the number of constants
necessary to describe these properties. The
number of these constants including Darcy's
permeability coefficient is found equal to five in
the most general case. Section 3 gives a dis-
cussion of the physical interpretation of these
various constants. In Sections 4 and 5 are
established the fundamental equations for the
consolidation and an application is made to the
one-dimensional problem corresponding to a
standard soil test. Section 6 gives the simplified
theory for the case most important in practice of
a soil completely saturated with water. The
equations for this case coincide with those of the
previous publication.2 In the last section is
shown how the mathematical tool known as the
operalional calculus can be applied most con-
veniently for the calculation of the settlement
without having to calculate any stress or water
pressure distribution inside the soil. This metlod
of attack constitutes a major simplification and
proves to be of high value in the solution of the
more complex two- and three-dimensional prob-
lems. In the present paper applications are
restricted to one-dimensional examples. A series
of applications to practical cases of two-dimen-
sional consolidation will be the object of subse-
quent papers.

1. Soll Srnessrs

Consider a small cubic element of the con-
solidating soil, its sides being parallel with the
coordinate axes. This element is taken to be large
enough compared to the size of the pores so that
it may be treated as homogeneous, and at the

I M. A. Biot, "Nonlinear theory of elasticitl' and the
linearized case for a body under initial stress."
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same time small enough, compared to the scale of
the macroscopic phenomena in which we are
interested, so that it may be considered as
infinitesimal in the mathematical treatment.

The average stress condition in tJle soil is tien
represented by forces distributed uniformly on
the faces of this cubic element. The corresponding
stress components are denoted by

o2 T' T'

r ,  c r r  12  (1 .1 )

7J 7'  C7

They must satisfy the well-known equilibrium
conditions of a stress field.

0o,  0r ,  0r"-+-+- :0 ,
6x 0y 0z

6r ,  0o"  0r ,_+_+_:0,
Ex 0y 0z

( r .2 )

0ru 0r ,  6o,_+_+_:0.
0x 6y 0z

Physically rve may think of these stresses as
composed of two parts; one which is caused by
the hydrostatic pressure of the water filling the
pores, the other caused by the average stress in
the skeleton. In this sense the stresses in the soil
are said to be carried partly by the water and
partly by the solid constituent.

2. SrnerN Rer,erep ro Srnrss awo
\\IerBR Pnrssune

We now call our attention to the strain in the
soil. Denoting by a, v, w the components of tle
displacement of the soil and assuming the strain
to be small, the values of the strain components
are

6u 0w 0v
Cr : - t  ' t r - - + -

6x 0y 0z

0a 0u 0w
€v:-- ,  ?r:1-* , - ,  (2,1)

0y 0z 0x

0w 0v Eu
Az : - ,  ? r : - - l - - ,

0z - 0x _0y

In order to describe completely the macroscopic
condition of the soil we must consider an addi-

I .1.
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tional variable giving tie amount of water in the

oores. We therefore denote by d the increment of

iater volume per urtit volume of soil and call this
quantity the sorietion itt water contenl. The

inrremenl oJ wotcr pressure will be denoted by a'

I-et us consider a cubic element of soil. The

water pressure in the pores may be considered as

uniform throughout, provided either the size of

the element is small enough or, if this is not the
case, provided the changes occur at sufficiently
slow rate to render the pressure differences
negligible.

It is clear that if we assume the changes in tJre

soil to occur by reversible processes the macro-

scopic condition of the soil must be a definite
function of the stresses and the water pressure

i.e.. the seven variables

e, Clt e, 7x 'Yr 'f, 0

must be definite functions of the variables:

6 7  6 t  6 t  7 t  7 !  T t  O '

Furthermore if we assume the strains and the

variations in water content to be small quantities,

the relation between these two sets of variables
may be taken as linear in first approximation'
We first consider these functional relations for

the particular case where o:0. The'six com-
ponents of strain are then functions only of the six

stress components 62 cy c2 r, r" r,' Assuming the
soil to have isotropic properties these relations
must reduce to the well-known expressions of

Hooke's law for an isotropic elastic body in the

theory of elasticity; we have

, , :2-L6o*o, ) ,
E E

6 r ' r , \
ee : -  - - \ 6  t t ox )  t- E E

, , :2-L6,*o"),
E E

'Yr:7./G,

'ly: rt/G,

'Y':  f  ' /G'

In these relations the constants E, G, I may be
interpreted, respectively, as Young's modulus,

Vol,uuB lz, FEBRUARY, t9+r

the shear modulus and Poisson's ratio for the

solid sketeton. There are only two distinct
constants because of the relation

E
G-- .

2( r*v)
(2.3)

Suppose now that the effect of the water pressure

c is introduced. First it cannot produce any

shearing strain by reason of the assumed isotropy
of the soil; second for the same reason its effect
must be the same on all three components of
strain e, c, c,. Hence taking into account the
influence of o relations (2.2) become

6 3 y o

e, : - - - (o " *  o , ) *=- ,-  
E  E . .  3 H

6 J  ' ,  
|  \ r  

d

ey:=-= \o t to , ) - t7 - ,
E E  3 H

o .  t
e,:---(o"+oy)+-_,

E E  3 H

1t: r ' ' /G'

'Yy: ry/G,

^Y ' :T ' /G '

where I/ is an additional physical constant.

These relations express the six strain components
of the soil as a function 6f the stresses in the soil
and the pressure of the water in the pores. We
still have to consider the dependence of the
increment of water content 0 on these same
variables. The most general relation is

0:  agr*azo"*o$r loar ,

*o { " *osr " *ozo '  (2 .5 )

Now because of the isotropy of the material a

change in sign of r' r" t, cannot affect the water

content, therefore or:oL:ol:0 and the effect
(2.2) of the shear stress components on d vanishes.

Furthermore all three directions r, y, z must have
. equivalent properties o1:@2:sr. Therefore rela-

tion (2.5) may be written in the form

(2.4)

1 o
0:- : (o,*a"{a, )* - ; ,  (2 .6)

3Hr J<

where Ilr and R are two physical constants.
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Relations (2.4) and (2.6) contain fivc distinct
physical constants. We are now going to prove
that this number may be reduced to four; in
fact that H:Ht if we introduce the assumption
of the existence of a potential energy of the soil.
This assumption means that if the changes.occur
at an infinitely slow rate, the work done to bring
the soil from the initial condition to its 6nal state
of strain and water content, is independent of the
*'ay by which the 6nal state is reached and is a
definite function of the six strain components and
the water content. This assumption follows quite
naturally from that of reversibility introduced
above, since the absence of a potential energy
would then imply that an indefinite amount of
energ'y could be drawn out of the soil by loading
and unloading along a closed cycle.

The potential energy of the soil per unit volume
is

U:i(o"e,* ore"* o,a,* r,"f ,
* r " 'y"*r ,1,*o0) .  (2.7)

In order to prove that H:Hr let us consider a
particular condition of stress Such that

6 z :  6 y =  6  z :  O t r

T " :  T y :  T  r : 0 ,

Then the potential energy becomes

g : | (oye*a0 )  w i t h  e :e . ! e r l e ,

and Eqs. Q.$ and (2.6)

3( l  -  2v)  o
c: - - - - - -  -or-F: ; ,  0 :ot /Ht*o/R.  (2.8)

E H

The quantity € represents the volume increase of
the soil per unit init ial volume. Solving for or
and o

e 0
Or t : - - - ,

RA HA

-€  3 ( l - 2v )0
. (r-_*_,

H,A EA

3(t  -2v)  1
A : -

.ER HHT

The potential energy in this case
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We have thus proved that If:I/r and
write

t o
0-- (o,*ou*o,)* - .

3 H R

we may

(2.10)

Relations 12.4) and (2.10) are the fundamental
relations describing completely in 6rst approxi-
mation the properties of the soil, for strain and
u'ater content, under equilibrium conditions.
They contain four distinct ph1'sical constants
G, v, H and R. For further use it is convenient to
express the stresses as functions of the strain and
the water pressure o. Solving Eq. (2.4) with
respect to the stresses we find

. / ve \
o . = Z G l e . * : - - - . - l - " o ,

\  1 - 2 v /

/ vc \
o u : 2 G l  q * -  l - o o ,

\  |  - 2 v /
t
i
t
i
Li

i
:

o, :zG(e , * ; r ) - " , ,  (z . t r )

.  
Tx:G^fz,

r r :G7 r ,

r':G'Y'
u'ith

3 (L -2v )  H

(2.g) In the same way we may express
water content as

0 : a e * a / Q ,

1 l s

O R H

JorrRNAr, oF
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3. Psvslcel INrenPnBrlrIoN oF THE

Sott- CoNst.lurs

The constantJ E, G and Y have the same

meaning as Young's modulus the shear modulus

and the Poisson ratio in the theory of elasticity

provided time has been allowed for the excess

water to squeeze out' These quantities may be

considered as the average elastic constants of the

solid skeleton' There are only two distinct such

constants since tlrey must satisfy relation (2'3)'

Assume, for example, that a column of soil sup-

ports an axial load ps:-ot while allowed to

"*pand freely laterally. If the load has been

applied long enough so that a final state of

,"ttl"-"nt is reached, i.e., all the excess water has

been squeezed out and c:0 then the axial strain

is, according to (2.4),

sure. The two elastic constants and the constants

I/ and R are the four distinct constants which

under our assumption define completely the

physical proportions of an isotropic soil in the

equilibrium conditions.
Other constants have been derived from tlese

four. For instance c is a coefficient defined as

2( r *v )  G
"--ift-2,l,E (3.s)

According to (2.12) it measures the ratio of the

water volume squeezed out to the volume change

of the soil if the latter is compressed while

allowing the water to escape (o:0)' The coeffi-

cient l/Q defined as

(3.6)

Po,": -E

and the lateral strain

O R H

is a measure of the amount of water which can be

forced into the soil under pressure while the

volume of the soil is kept constant' It is quite

obvious that the constants a and Q wiil be of

significance for a soil not completely saturated

wlth water and containing air bubbles' In that

case the constants a and Q can take values

depending on the degree of saturation of the soil'

The standard soil test suggests the derivation

of additional constants. A column of soil supports

a load po: - o zand is confined laterally in a rigid

sheath so that no lateral expansion can occur'

The water is allorved to escape for instance by

applying the load through a porous slab' When

all the excess water has been squeezed out the

aiial strain is given by relations (2'11) in which

we put o:0. We u'rite

The coefficient / measures the ratio of the lateral

bulging to the vertical strain under final equi-

librium conditions.
To interpret the constants If and R consider a

sample of soil enclosed in a thin rubber bag so

thar the stresses applied to the soil be zero' Let

us drain the water from this soil through a thin

tube passing through the walls of the bag' If a

negative pressure -o is applied to the tube a

certain amount of u'ater will be sucked out' This

amount is given bv (2.10)

vPo
e r : e ! : - :  - y e . .

o
f : - -

R

o
€ :  - -

H

er:  -pr f r .

The coefficient
' l - 2 v

.  o : -
2G(r- v)

(3.1)

(3 .2 )

(3.3)

(3.4)

(3.7)

(3.8)
The corresponding volume change of the soil is

given by (2.4)
will be called the firc| compressibility'

If we measure the axial strain jusf after the

load has been applied so that the water has not

had time to flow out, we must Put 0:0 in

relation (2.I2). We deduie the value of the water

Pressure 
c: - aQe,. (3'9)

The coeffici efi l/H is a measure of the com-

pressibility of the soil for a change in water

pr.*ur", while l/R measures the change in

water content for a given change in water pres-

Vor,ulrB 12, FEBRUARY, t9ltTED PSYSICS
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substituting this value in (2.11) we write

2r :  _p&; .

The coefficient
o

o,r:7;;5

will be called the instanta.ncous compressibitrity.
The physical constants considered above refer

to the properties of the soil for the state of
equilibrium when the water pressure is uniform
throughout. We shall see hereafter that in order
to study the transient state we must add to the
four distinct constants above tie so-called
cofficient of permeabilily of the soil.

4. GBwrul Eguerrows GovrnNrNc
ConsorroerroN

We now proceed to establish the differential
equations for the transient phenomenon of con-
solidation, i.e., those equations governing the dis-
tribution of stress, water content, and settlement
as a function of time in a soil under given loads.

Substituting expression (2.11) for the stresses
into the equilibrium conditions (1.2) u'e find

t_, Oe ct6
GV2u+_  __d_ :0 ,

1 - 2 v  0 r  0 x

G 0 e 0 o
GVUa- - -a- :0 ,

l - 2 v  E y  0 y

G 0 e 0 c
GVfu+- --d-:0,

|  -2v 0z 0z
pz : Qz / gs2 | 62 f 0y2 { 62 / l7z.

There are three equations with four unknowns
ta, o, rn, a. In order to have a complete system we
need one more equation. This is done by intro-'
ducing Darcy's law governing the flow of water
in a porous medium. We consider again an
elementary cube of soil and e.ll V, the volume of
water flowing per second and unit area through
the face of this cube perpendicular to the r axis.
In the same way we define V, and I/,. According
to Darcy's law these three components of the
rate of flow are related to the water pressure by
the relations

6a 0o 0a
V. :  -k - : ,  Vo :  -k - . ,  V , :  -p - - .  (4 .2 )

0x 0y 0z

The physical constant & is called the coefi.cient of
permeability of the soil. On the other hand, if we
assume the water to be incompressible the rate of
water content of an element of soil must be equal
to the volume of water entering per second
through the surface of the element, hence

d d
_ :
at

0v, 0v, av"
0r 0y 0z

L

(4.3)

Combining Eqs. (Zf) (4.2) and (4.3) we obtain

0 e  t 6 o
hY2o:a-*-  - .

d t  Q a t
(4.4)

The four differential Eqs. (a.1) and (4.4) are the
basic equations satisfied by the four unknowns
u, v,  w, o.

(s.1)

/ (  ? )

(3.10)

(3.11)

(4.1)

where o is th'
constant. Fr<

and from (2.
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5. Appr,rceuoN To e SreNpeno Sotl Tesr

Let us examine the particular case of a column of soil supporting a load ps:-otand confined
Iaterally in a rigid sheath so that no lateral expansion can occur. It is assumed also that no water can
escape laterally or through the bottom while it is free to escape at the upper surface by applying the
load through a very porous slab.

Take the z axis positive downward; the only component of displacement in this case will be zr.
Both u and the water pressure a will depend only on the coordinate z and the time l. The differential
Eqs. (4.1) and (4.4) become .1-

I Afu Ap/'
- - _ 4 _ : Q ,
a 022 dz

02a A\n l  0o
h-- d-+-.:-_,
022 0z0t Q at
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constant. From-(2'l1) we have

and from (2'12)

t & o
ps:  -c t :  - -1 - *aa

o d z

A7o 6
0:o--*-.

o z O
Note that Eq. (5.3) implies (5'1) and that

t Ah) 0o

a 0z0t At

This relation carried into (5'2) gives

with

02a | 0o
- : -  - ,
022 c 0t

t a l
- - c r l * - .

c  k Q k

(s.3)

(s.4)

(s.s)

(s.7)

(s.8)

(s.e)

1 6 1

The constant c is called the consolid,ation conslanl. Equation (5.4) shows the important result that the

water pressure satisfies the well-known equation of heat conduction' This equation along with the

boundary and the initial conditions leads to a complete solution of the problem of consolidation'

Taking the height of the soil column to be L and z:0 at the top we have the boundary conditions

o : 0  f o r  z : 0 ,

Ea
- : 0  f , o r  z : h .
6z

(s.6)

The first condition expresses tlat the pressure of the water under the load is zero because the perme-

ability of the slab through which the load is applied is assumed to be large with respect to that of the

soil. ihe second condition expresses that no water escapes through the bottom'

The initial conaition irihat the change of water content is zero when the load is applied because the

water must escape with a finite velocity' Hence from (2'12)

0 w c
o:,--*6:o for  l :o '

Carrying this into (5.3) we derive the initial vdlue of the water pressure

r t  |  \  & - o i
o :po /  

\ *O* " )  
f o r  l : 0  o r  c - -Po ,

where ar and a are the instantaneous and fnal compressibility coefficients defined bv (3'8) and (3'11)'

The solution of the difierentiat equation (5.4) with the boundary conditions (5.6) and the initial

condition (5.?) may be written in the form of a series

o: !o-o,  , " loo |  - (  
"  

\ '  , r t  
rz  1  r  13r \2 1 3tz  I

r o,-ol * L \zrl 
- 'J sin i*1"*o L- \a) 

"lsin -*' ' '  
| '

The settlement may be found from relation (5'3)' We have

!Ur-ana-oPo.

Vorvur 12, tr'EBRUARY, l9+l



' I "
t \'l

The total settlement is - a ' .

c t |w  8  :  1  1  fen* t ) r -1 ,  I7oo: -  |  -d r : -  1o-o)hp , t=+op . |_ l :  l  a lao tpo .  (s .10). t o  6 z  1 2 '  
. -  

; ( Z n l l ) z - - 1  L  z n  J . - | , , " , . '

I m m e d i a t e l y a f t e r l o a d i n g ( l : 0 ) , t l r e d e f l e c t i o n i s � �

8 o [
ys i: - -(a - o;)hpo E .-_ .=:* ohp.

. n 2 '  
" . " 7 ( 2 n ! l ) z ' '

Taking into account that
o [ T 2

T 1r"*tyr:; '  
ui:oih\o'

6. SIM?LIFIED

For a comP
test shows tha
be taken equ
comPressibilit
the soil is equr

i out. Accordin

This reduces t

the soil to tl
permeabilitY.
deduce

and from (5

constant takt

Relation (2.1

The general
(4.4) are sim

By adding t
of Eqs. (6.5

where a is t
From (6.

Hence the
equation o

Voruur r

which checks with the result (3.10) above. The final deflection for r: .o is

w-:ahfo.

(s.1 1)

(s.12)

(s. 1 3)

It is of interest to find a simplified expression for'the law of settlement in the period of time immedi-ately after loading. To do this we first eriminate the initial deflection zoi by considering

8  . .  *  1  1  f  / ( Z n + t ) r \ ,701: 7D 6- tp;: J-6 - a;)hp, + #{ 
t - *o L_ (#) r,ll

. f :  -
a' F - i

.T
ji
r.
trfis 

lxlrelses 
that part of the deflection which is caused by consolidation. we then consider therare oI setuement.

and write (5.14) as
n/h: E, l /h:  dg

It follows a parabolic curye as a function of time (curve 2 in Fig.

162

(s.14)

(s.1 s)

(s.16)

1 ) .
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d w , 2 c ( a - a ; )  :  1  f e n t l z r l ,  I
d,:--T-?o I exn l-L " ]"1

i

For l:0 this series does not converge; which means that at the first instant of loading the rate ofsettlement is infinite. Hence-the curve representing the settlement zr, as a function of time startswith a vertical slope and tends asymptotically toward the value (a-a;)hptas shown in Fig. 1 (curve1)' It is obvious that during the initial period of settlement the height D of the column cannot haveany-influence on the phenomenon because the water pressure at the?epth z:hhasnot yet had timeto change' Therefore in order to find the nature of the settlement curve in the vicinity of l:0 it isenough to consider the case u'here h: q .In this case we put

dw, €
- : 2c(a - a) p o D exp [ - nr({ + * A)rct)AE

for h: o. The rate of settlement becomes the integral

dw, f- c(a-o;)ps-: Zc(a - a;)?o I exp (-zr2f2ct)d,g:-.
at J o (trct)l

The value of the settlement is obtained by integration

f t  dw,  tc t \ l
w, :  |  - -d l :2 (a-a)po l : l  .

J o  d t  
_ \ o  

/



)s.  (5.10)

(s.1 1)

(s.12)

time immedi-
c

(s.1 3)

consider the

(s.14)

rg the rate of
,f t ime starts
Fig. 1 (curve
cannot have
yet had time
'  o f  l : 0  i t  i s

(s. 1 s)

(s.16)

6. Srupnrrpo TgBonv FoR A Satunetso CLAy

For a completely saturated clay the standard

test shows that the initial compressibility o; may

Uu t"t utt equal to zero compared to the final

compressibility a, and that the volume change of

the soil is equal to the amount of water squeezed

out. According to (2.12) and (3'11) this implies

This reduces the number of physical constants of

the soil to the two elastic constants and the

permeability. From relations (3'5) and (3'6) we

deduce 
2Gg*v)n-n:fia,1 (('2)

and from (5'5) the value of the consolidation

constant takes the simPle form

Q :  * ,  a : 1 .

c :  k  / a .

Relation (2.12) becomes

0 :  e .

The general differential equations

(4.4) are simPlif ied,

G 0 e 6 o
GV2u+- - - - :0 ,

l - 2 v  6 1  0 x

G 0 e 0 o
Gv?1+-  - - - : 0 ,

|  - 2v  0Y  0Y

G 0 e 0 c
Gvrl)+- ---:0,

t - 2 v  0 z  0 z

0e
kV a2 --

at

-  1 d c
V € 2 : - -

c 0 t

Equations (6.5) and (6.8) are the-fundamental

"qu"bont governing the consolidation of a com-

pletely saturated clay. Because of (6'4) the initial

condition 0:0 becomes c:0, i.e., at the instant

of loading no volume change of the soil occurs'

This condition introduced in Eq' (6'7) shows that

at the instant of loading the water pressure in the

pores also satisfies Laplace's equation'

Vo2:0. (6 '9)

The settlement for the standard test of a column

of clay of height lz under the load 2o is given b1'

(5.13) bV putt ing &t:0.

9 . 1
w, - - -ohpoL; -  -

T2 o (2nl l)2

x{r-"*n?e#)",]} (6 10)

From (5.16) the settlement for an infinitely high

column is

, , :zoor(L)t . (6 .11)

(6.1)

(6 .3 )

(6.4)

(4.1) and

(6.s)

(6.6)

(6.8)

It is easy to imagine a mechanical model having

the properties implied in these equations' Con-

sidei a .ytt"* made of a great number of small

rigid paiticles held together by tinv helical

rp.i"g.. tttis system will be elastically deformable

"na *itt possess average elastic constants' If we

fill completely with water the voids betrveen the

By adding the derivatives with respect to r, y, z

of Eqs. (6.5), resPectively, we find

Ye2:oYo2, (6.7)

where o is the final compressibility given by (3'8)'

From (6.6) and (6.7) we derive

Hence the volume change of the soil satisfies the

equation of heat conduction.

VoLUME 12, FEBRUARY, l9+t

Frc. 1. Settlement caused by consolidation as a function

of 
-tio".'C-u*e 

I representi tlie settlement of a column of

t'.ilf,i i itiii" 6iapi' cu*" 2 represents the settlement
forln infinitely high column.
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particles, we shall have a model of a completely
saturated clay.

Obviously such a system is incompressible if no
water is allowed to be squeezed out (this corre_
sponds to the condition 0= -) and the change
of volume is equal to the volume of water
squeezed out (this corresponds to tie condition
a:1). If the systems contained air bubbles this
would not be the case and we would have to
consider the general case where e is 6nite and
a * 1 .

Whether this model represents schematically
the actual constitution of soils is uncertain. It is
quite possible, however, that the soil particles are
held together by capillary forces which behave in
pretty much the same way as the springs of the
model.

7. OrnaartoN.lr Cercur.us Appr,lro ro
CoNsolroerroN

The calculation of settlement under a suddenly
applied load leads naturally to the application of
operational methods, developed by Heaviside for
the anal),sis of transients in electric circuits. As
an illustration of the power and simplicity
introduced by the operational calculus in the
treatment of consolidation problem we shall
derive by this procedure the settlement of a
completely saturated clay column alreadv catcu_
lated in the previous section. In subsequent
articles the operational method will be used
extensively for the solution of various consotida_
tion problems. We consider the case of a clay
column infinitely high and take as before the top
to be the origin of the vertical coordinate z. For a
completely saturated clay a: l, e: o and with
the operational notations, reptacing E/0t by p,

Eqs. (5.1) become

1 A\o 0c 02o 0u__:_ ,  k_ :O_.
o 02, 0z 02, 

' 
dz

A solution of these equations which
infinity is

7!- CP-'btdl,

1 t b t l
o: Cr--l '- | Cre-,br"tr

o \ c  /

(7 .1 )

vanishes at

(7.2)
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Chapter 4, It I{ .  H. K
128 (1938).
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The settlement u,, at the top (z:0) caused by the
sudden application of a unit load is

The meaning of this symbolic expression is
derived from the operational equationr

The boundary conditions are for s:0

l 0 w
( f  t :  -  1  : -  - ,  o :0 .

Hence 
a oz

,  C z : 1 .

(7 .3)

The settlement as a function of time under the
load po is therefore

ar:r"Or(l). (7.4)

This coincides with the value (6.11) above.

. V. Arrh, O-pcrotional Circuit Anotyis (John Wile1,,New York, tgZg), p. tCZ.
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